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Abstract 

We give complete detail of the description of the GNS representation of the 
quantum plane A and its dual ^ as a von-Neumann algebra. In particular we 
obtain a rather surprising result that the multiplicative unitary W is manage- 
able in this quantum semigroup context. We study the quantum double group 
construction introduced by Woronowicz, and using Baaj and Vaes' construction 
of the multiplicative unitary Wm, we give the GNS description of the quan- 
tum double ^{A) which is equivalent to 6*1/^(2,1^). Furthermore we study the 
fundamental corepresentation T"^'* and its matrix coefficients, and show that it 
can be expressed by the fo-Hypergeometric function. We also study the regular 
corepresentation and representation induced by Wm, and prove that the space 
of functions on the quantum double decomposes into the continuous series 
representation of f/q(gl(2,R)) with the quantum dilogarithm \Sb{Q + 2ia)f as 
the Plancherel measure. Finally we describe certain representation theoretic 
meaning of integral transforms involving the quantum dilogarithm function. 
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1 Introduction 

The quantum plane Aq as a Hopf algebra is generate by self adjoint element A, B 
satisfying AB = q^BA and the coproduct 

A{A)^A®A, A{B)^B(E)A + 1®B (1.1) 

for q = e'^*'' with |g| — 1. The coproduct reflects the fact that it is the quantum 
version of the classical ax + b group, which is the group of affinc transformation on 
the real line M. Sometimes known as the quantum ax + b group, it has been studied 
for example in [301 ED]- The main problem arose from the fact that A and B are 
realized as unbounded operators, and that A(i3) is in general not self adjoint. This 
poses quite some problems in the well definedenss of the algebra on the C* -algebraic 
level. 

A class of well behaved "integrable" representation is studied in O where 
instead we impose the condition that both A, B are positive self adjoint. In this case 
the operators can be realized as the " canonical representation" : 

where they act on Hirr ■= i^(IR) as unbounded operators. This simplifies a lot of 
functional analytic problems, because now all the operators considered are positive 
essentially self adjoint, with the help of certain transformations that can be carried 
out by the quantum dilogarithm function gb{x). On the other hand, with positivity, 
we can define using functional calculus a wide class of functions on Aq, and in this 
way we can define the C* algebra A C°°{Aq) of "functions vanishing at infinity" 
for Aq, which is expressed using an integral transform 

/:= [ [ fis,t)A''''''B''''''dsdt (1.3) 
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where f{s,t) satisfies certain analytic properties. It turns out that this definition 
encodes the modular double counterpart as well. By definition, the other half Aq 
first introduced by Faddeev [S], is generated by A, B satisfying AB = q^BA with the 
s^me coproduct, where q = , and they are related to the quantum plane by 

A = A^/''^ ,B = B^/^^ . This b i — > duality is manifest in the definition of A and 
subsequently present in all later calculations involved. 

The first main result of this paper is the derivation of the Haar functional on A 
(cf. Thm H75)) . It can be expressed simply by 



where Q := b + b^^. This comes as a surprise as there is no classical Haar measure on 
the ax + b semigroup due to the lack of inverse. With A a C*-algebra equipped with 
a left invariant Haar weight, we can carry out the so-called Gelfand Naimark Segal 
(GNS)-construction, which essentially represents A naturally on a Hilbert space H 
induced by its own multiplication. This is a main step towards the theory of locally 
compact quantum group in the von Neumann setting [191 EQ] , in which the modular 
theory (Tomita-Takesaki's Theory) for von Neumann algebra is studied, and the main 
ingredient, the multiplicative unitary W, can be defined as a unitary operator on 



The multiplicative unitary is a unitary operator on the Hilbert space T-L^T-L that 
satisfies the pentagon equation 



For every quantum group a multiplicative unitary can be constructed using the co- 
product, however, not every multiplicative unitary is related to a quantum group. 
In [32] Woronowicz introduced the notion of manageability that describes a class of 
well behaved multiplicative unitary. The second main result of this paper is that this 
multiplicative unitary W obtained for the quantum plane above is in fact manageable 
(cf. Thm I2.2T|) . This is rather striking because in [50] it is mentioned that manage- 
ability is the property that distinguishes quantum groups from quantum semigroups, 
however as noted above, we have been restricting ourselves to positive operators. The 
main reason is the fact that the GNS construction provides us with a " bigger" Hilbert 
space, so that there is more freedom of choice for the operators to satisfy the man- 
ageability condition. As a by-product of this discrepency, it turns out that we obtain 
a new transformation rule for the quantum dilogarithm function (cf Prop 19. 3p that is 
not available in the literature. 

The motivation for the study of the quantum plane comes from the quantum 
double group construction introduced in [27] for compact quantum groups, which is 
the dual version of the Drinfeld double construction. In [291 it is shown that the 





(1.4) 



H®H. 



(1.5) 
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quantum double construction of the quantum az + b group gives rise to GLg{2,€.) 
for certain root of unity q. It turns out that this construction can be carried over 
to locally compact quantum groups. In order to carry out a similar recipe for the 
quantum plane case for general q with jgl = 1, it is necessary to define the dual space 
A in the same setting as A on the C*-algebra level. The third main result of the paper 
is the derivation of the non-degenerate pairing between A and A on the C* -algebra 
level, which remarkably involves the quantum dilogarithm function in place of the 
g-factorial. Following [12] we can then describe the GNS-representation for A acting 
on the same GNS space Ji for A, its modular theory and its multiplicative unitary as 
before. 

After defining the dual space, we can apply the quantum double group construc- 
tion and obtain a new algebra ViA) generated by ( ) which is precisely the 

\ 2^21 2^22 / 

GL+(2,R) quantum (semi)group as Hopf algebra, where the generators are again re- 
stricted to positive self adjoint elements. We note also that the relations for GL+(2, M) 
is a special case for the two parameter deformations GLp^q{2,C) observed in [H [33] 
where p := l,^ := q^. On the other hand, the relations involved unmistakably re- 
semble the quantum Minkowski spacetime relations defined in 0, but this time in 
the non-compact setting where \q\ = 1 and the variables Zij are positive self adjoint. 
Therefore the quantum plane can be seen as a building block towards this " split quan- 
tum Minkowski spacetime" A4q. Hence from the properties of ^{A), the quantum 
Minkowski spacetime can be easily extended to the C* algebraic and von Neumann 
algebraic level, and hence L^(Gi+(2,M)) is well defined. Motivated from the repre- 
sentation theory of classical S'L+(2,R), we define the matrix coefficients T^'^{z) for 
the fundamental corepresentation oi'D{A) (Def I7.1(]| . For i = A it is explicitly given 

by 

(1.6) 

which can be seen to be a generalization of the matrix coefficient in the compact 
case [TU]. On the other hand, a closed form expression (cf. Cor 17.14]) using the b- 
Hypergeometric function Fh is found, which clearly gives a quantum analogue of the 
classical formula to the matrix coefficients for SL{2,R). 

To complete the description of 'D{A) in the von Neumann setting, it is necessary 
to compute its multiplicative unitary W^- A derivation is obtained from the con- 
struction given in ^ [T3] for general quantum groups where W„i is obtained as a 
product of 6 VF's of the base quantum group and its dual. Restricting to the present 
simpler setting and using the properties of W we simplify the expression to just 4 
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W^s. Explicitly they are given by 



W = W^13V3'^W'24^32 (1-7) 

(of. Prop I7.50p . This is encouraging since it has been shown in certain context that 
the R matrix (satisfying the hexagon or Yang Baxter equation) can be expressed in 4 
i?'s [21] Ex 7.3.3], or 4 W's [M] from the smaUer group using instead the Heisenberg 
Double construction. 

With the new multiplicative unitary constructed, it is straightforward, despite 
tedious, to construct both the left and right regular corepresentations for 'D{A). Fur- 
thermore, I. Frenkel [7] has constructed a non-degenerate pairing between Aiq with 
f7g(g[(2, R)), hence from the corepresentation we can derive the fundamental rep- 
resentation Vx^t from T'*''*, the left and right regular representation from W,„ of 
Ug{gl{2,R)) as well as its modular double on L'^{GL+{2,R)) by the pairing. The final 
main result (cf. Thm I8.15P of this paper is the quantum " Peter Weyl theorem" 

L2(Gi+(2,R))~ r rx.s/2®Vx,-s/2\SbiQ + 2iX)\^dX (1.8) 

as a representation of [/gg(gl(2, IR))^ <E) Uqc[{Ql{2,M.))ji, which is a generalization of 
the statement for [/g(s[(2,R)) announced in [5S|, however the details of the proof are 
never published. The remarkable fact is that the quantum dilogarithm appears as the 
Plancherel measure for i^(GL+(2, M)), which came from the spectral analysis of the 
Casimir operators. In short, it states that the operator 

can be diagonalized as multiplication operator 

acting on the Hilbcrt space L'^(R+,\Sb{Q + 2iX)\^dX), using certain eigenfunction 
transform (cf Thm I8.10p . Furthermore, we note that only the fundamental series V\ 
appears in the decomposition of the regular representation. Called the "self dual" 
principal series representation, they are known |25| to be closed under tensor product, 
which is rather interesting since the same does not hold in the classical group setting 

m- 

As a corollary, we have expressed the multiplicative unitary canonically as a direct 
integral of the fundamental representations (cf. Cor l8.13|) : 

f r® 

W„^ = T^'*/'^dn{X)dt (1.11) 
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which generalizes the canonical definition for the compact quantum group given in 
[27) . An interesting problem will be to investigate its classical limit. As we know, the 
functions on the full group SL{2,M.) contains both the continuous and discrete series 
representation, hence the above results may give an insight to the decomposition of 
the functions on the positive semigroup and its decomposition, and distinguish the 
principal continuous series as the fundamental component. 

Another aspect of this paper is the study of several properties of the quantum 
dilogarithm function Gb- The quantum dilogarithm function played a prominant role 
in this quantum theory. This function and its many variants are being studied |1H 
[l7l|3Tl[38] and applied to vast amount of different areas, for example the construction 
of the 'ax + V quantum group by Woronowicz et.al. [271 140] . the harmonic analysis of 
the non-compact quantum group t/g(s[(2,R)) and its modular double [T1[1SJ[5^, the 
(/-deformed Toda chains fl8| and hyperbolic knot invariants |15j . Recently attempts 
has also been made to cluster algebra [SJ \T7\ and quantization of the Teichmiiller space 
m 116) . One of the important properties of this function is its invariance under the 
duality & O that help encodes the detail of the modular double in A, and also 
relates, for example, to the self duality of Liouville theory P3|. The classical limit 
and several relations of Gb are studied in the previous paper [12) . In this paper, we 
give a proof of the important relation (cf. Cor I3.12p 



with suitable contour C, which is important to make sense rigorously of certain calcu- 
lations involving the Haar functional, as well as the non-degenerate pairing needed to 
obtain the regular representations. This statement and its variants is often assumed, 
for example in [5S], but is never proved. 

As noted above, there are various version for the quantum dilogarithm. We choose 
this particular definition Gb,gb by Teschner [1] for various reasons. First of all, it 
gives a closed form expression for the g-Binomial Theorem (Lem 13. 9[) . so that it 
gives precisely the quantum analogue of the classical Gamma function r{x), see [T^ . 
Furthermore, various transformation such as the Tau-Beta theorem fLcm IXTU)) . the 
" 45-relation" (Lem 13. lip and the " 69-relation" (Prop 19. 2p can be written in closed 
form without any extra constants and exponentials. Finally the multiplicative unitary 
constructed above can be expressed in closed form by gb in a very simple way. Another 
popular version G(a+, a_; z) is given by Ruijinaars [31) and their relation is given by 
(cf. Lem 1321) 



We have chosen the pair (a+,a_) to be {b,b ^) which demonstrates the self duality 
of the Liouville theory in the physical literature. We believe similar treatments in our 




(1.12) 



Gb{z) = G{b,b-^;iz 



(1.13) 
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paper can be made for a general pair with q = e . 

It is well known that by studying the matrix coefficients of various classical matrix 
groups, we recover certain functional relations between different special functions, for 
example the Hypergeometric functions „iFn- Various examples can be found e.g. in 
|37j . In this quantum setting, it is not surprising that all these various calculations 
involving the quantum dilogarithm will provide us certain representation theoretic 
meaning of their relations by integral transforms. By applying the classical limit for 
Gb obtained in [12] (cf Thm l3.5]) . we recover Barnes' first and second lemma for the 
Gamma function. Furthermore, a new relation involving Gb (cf. Prop [?3| : 

/ Gbia + iT)Gbil3 - iT)Gb{'y - iT)e-^^'^^-'^^^'^-'^^dT = Gb{a + -f)Gb{a + 13) 
Jc 

(1.14) 

is observed that is not available in the literature. These will be bricfiy discussed in 
the last section. 

As a side note, the frequent use of the term " modular" in this paper requires some 
clarification. The Modular Double introduced by Faddeev refers in the general case 
to the quantum groups related by the transformation of the modular group for the 
complex parameter 

^ € SL{2,Z) (1.15) 

while the modular theory of Tomita-Takesaki refers in the classical case to the mod- 
ularity of the Haar measure, for example the modular function A that relates the left 
translates of the right Haar measure 

^^{g-'A) = A{gMA) (1.16) 

where g G G and A is a Borcl set in G. 

The present paper is organized as follow. In section 2 we recall several technical 
results and motivations that is needed in later sections, including the Mellin transform, 
the GNS-construction and the significance of the multiplicative unitary. We also 
collect several results concerning the calculations involving g-commuting variables. In 
section 3 we recall the definition and properties of the quantum dilogarithm function 
Gb, and describe its integral transformation formula. In section 4 we define the 
quantum plane A in the Hopf algebra and C*-algebra level, the Modular Double, and 
describe completely its GNS construction and the multiplicative unitary. Section 5 
deal with the dual space A, we derive a non-degenerate pairing and obtain its GNS 
construction on the same space as A. In section 6 we develop two useful transformation 
that shed light to the action of the multiplicative unitary, as well as the action of the 
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quantum plane on a Hilbert space. In section 7 we carry out the quantum double 
group construction, studied its fundamental corepresentation, and express explicitly 
the new multiplicative unitary, and the corepresentation induced by it. In section 8 
we look at the dual picture and obtain a pairing with Uq{gl{2,M.)), derive the regular 
representations, and prove the main theorem on the decomposition of L^(Gi^(2, M)) 
into principal continuous series of Uq{Ql{2,M.)). Finally the last section discuss certain 
integral transformations of Gb arising from representation theoretic calculations. 

Acknowledgements. I would like to thank my advisor Professor Igor Frenkel for 
suggesting the current project and providing useful insights to the problems. I would 
also like to thank Hyun Kyu Kim for helpful discussions. 

2 Preliminaries 

In this section, we recall several technical results that will be needed in the description 
of the quantum plane. We will first remind the definitions and properties of the Mellin 
transform which serves as a motivation to define the quantum plane algebra in section 
m Then we describe the details of weights and multiplier algebra of a C* algebra, 
and its GNS construction and modular theory in the von-Neumann setting. Next 
we explain the significance of the multiplicative unitary that is important in the 
study of locally compact quantum groups. Finally we collect several technical results 
concerning the calculations involving q-commuting variables. 

2.1 Mellin Transform 

In this subsection, let us recall the Mellin transform of a funciton and its properties. 

Theorem 2.1. Let f{x) be a continuous function on the half line < x < oo. Then 
its Mellin Transform is defined by 

/•oo 

</)(s) iMf){s) = / x'-'f{x)dx (2.1) 

whenever the integration is absolutely convergent for a < Re{s) < b. By the Mellin 
inversion theorem, f{x) is recovered from (j){s) by 

f{x) := {M-'c^){x) = — / x-'<j>{s)ds (2.2) 

where c g M is any value in between a and b. 

We have the following analyticity theorem |24j : 
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Theorem 2.2. (Strip of analyticity) If f{x) is a locally integrable function on (0,oo) 
such that it has decay property: 



for every e > and some a < b, then the Mellin transform defines an analytic function 
{M.f){s) in the strip 

a < Re{s) < b. 

(Analytic continuation) Assume f{x) behaves algebraically for x — > 0"*", i.e. 

oo 

(2.4) 

fe=0 

where Re{ak) increases monotonically to oo as k — > oo. Then the Mellin transform 
(A^/)(s) can be analytically continued into Re{s) < a ~ — i?e(ao) as a meromorphic 
function with simple poles at the points s — — with residue A^. 

A similar analytic properties holds for the continuation to the right half plane. 

(Growth) If f{x) is a holomorphic function of the complex variable x in the sector 
—a < aigx < P where < a,/3 < tt, and satisfies the growth property (j2.3p uniformly 
in any sector interior to the above sector. 

Then {Mf){s) has exponential decay in a < Re{s) < b with 

^ { "o'sn? l^-Z <") 

for any e > uniformly in any strip interior to a < Re{s) < b, where s = a + it. 
(ParsevaVs Formula) 

-I />c+ioo 

f{x)g{x)x'-^dx=— {Mf){s){Mg){z-s)ds (2.6) 

ZTTi J c—ioo 

where Re{s) = c lies in the common strip for A4f and Aig. In particular we have 

I \fi^)?dx^-j J[Mf)[-+it)\^dt. (2.7) 

2.2 Weight and Multiplier Algebra of a C* Algebra 

In this subsection, wc recall the definition of weights on a C* algebra, and the language 
of multiplier algebra. Most of the notions are adopted from [191 ES] ■ Let be a C* 
algebra and its positive self adjoint elements. 
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Definition 2.3. A weight on a C* algebra A is a function cf) : A'^ — > [0, oo\ such 
that 

cl){x + v) = <P{x)+ct){y) (2.8) 
ct){rx) = r(j){x) (2.9) 

for X, ye A+,r e R>o. 

Definition 2.4. Given a weight (f) on A, we define 

M+ = {aeA+ : (t>{a) < oo} (2.10) 
Af^, = {ae A: (t){a* a) <oo} (2.11) 
= span{y*x : x,y &Af^} (2.12) 

Then it is known that = M.^ r\ A'^ , and that (p extends uniquely to a map 

Ai^ — > C. A weight is called faithful iff 4>{a) = =^ a = for every a G A'^ . 

Next we recall a useful notion of a multiplier algebra. Let B{'H) be the algebra of 
bounded linear operators on a Hilbert space %. 

Definition 2.5. If A G 3(1-1) as operators, then the multiplier algebra M{A) of A is 
the C* algebra of operators 

M{A) = {beB{H):bAcA,AbcA} (2.13) 

In particular, A is an ideal of M{A). 

Example 2.6. Important examples include 

M(/C(H)) = B{n) (2.14) 

where /C('H) are compact operators on %, and 

M{Co{X)) = a{X) (2.15) 

where X is a locally compact Hausdorff space, Co{X) is the algebra of C-valued func- 
tions on X vanishing at infinity equipped with the sup-norm, and Cb{X) is the C* 
algebra of all bounded continuous functions on X . 

Proposition 2.7. A homomorphism (j) : A — > M{B) is called non-degenrate if the 
linear span of (j){A)B and of B4>{A) are both equal to B. Then (j) extends uniquely to 
a homomorphism M{A) — > M{B). In particular, by taking B = C, every weight uj 
on A has a unique extention to AI{A). 
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Using the notion of a multiplier algebra, the concept of a multiplier Hopf algebra 
is introduced in [5^ (see also [3S]). In particular, the coproduct A of ^ will be a 
non-degenerate homomorphism A : A — > M{A (g) A). The coassociativity is well 
defined from the proposition above. 

Given a multiplier Hopf * algebra A with comultiplication A, we can define left 
and right invariance of a functional. 

Definition 2.8. A linear functional h on A is called a left invariant Haar functional 
if it satisfies 

{l(»h){Ax) = h{x) -iMiA) (2.16) 
Similarly, a right invariant Haar functional satisfies 

{h®l){Ax) = h{x)-lMiA) (2.17) 
where Im{A) the unital element in M{A). 

2.3 GNS Representation and Tomita-Takesaki's Theory 

Let us recall the main objects in the study of GNS representation of a C* algebra (see 

e.g. m)- 

Definition 2.9. A Gelfand-Naimark-Segal (GNS) representation of a C* -algebra A 
with a weight (f> is a triple 

(■H,7r,A) 

where % is a Hilbert space, A : A — > % is a linear map, and tt : A — > B(l-L) is a 
representation of A onH. such that A(A/') is dense in %, and 

7r(a)A(6) = k{ah) "ia^A^h^N (2.18) 
(A(a),A(6)) = 0(6*a) ya,beAf (2.19) 

where Af = {a ^ A : 4>{a*a) < oo}. 

The Tomita-Takesaki's Theory [331 [31] provides a detailed description of the GNS- 
construction in the von Neumann algebraic setting: 

Definition 2.10. Giving a weight (f> that determines the Hilbert space structure by 
the GNS construction, the operator 

T:x — >x* (2.20) 
is closable and has a polar decomposition as 

T = JV^ (2.21) 
where J is called the modular conjugation, and V is called the modular operator. 
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A very important property of J is the following 

Theorem 2.11 (Murray-von Neumann). Let M he the completion of A G B{7i) in 
the weak operator topology as a von Neumann algebra. Then considering M C B{'H), 
we have 

JMJ = M' (2.22) 

where M' is the commutant of M . 

Definition 2.12. For x ^ A, the operator 

af(x) := V**xV-'* (2.23) 

is called the modular automorphism group 
We have <j>{a*b) — (/)(6(Tq (a*)) 

On the Hopf * algebra level, we have the following properties: 
Proposition 2.13. The antipode S has a polar decomposition 

S = r_,/2 o R (2.24) 

where T_j/2 denotes the analytic generator of (Tt)ti£R, called the scaling group, 
which is a group of automorphisms of M , and R, called the unitary antipode, is an 
anti- automorphism of M . 

We have R^ ~ \ and = T_i 

Finally some properties concerning the left and right invariant Haar functional: 

Proposition 2.14. The left invariant Haar functional (p and right invariant Haar 
functional ip is related by i]j = 4> o R 
We have 

(j>oTt = iy~*<j>, Tpoaf = v~^'ip (2.25) 

where p > is called the scaling constant. 

Furthermore there exists an element S & A such that 

af{S) = uH. 

5 ^ A is called the modular element. 

Proposition 2.15. The map : A — > H defined by 

Ania) -.^ ALia5~-2) (2.26) 

gives the GNS representation of A with the right Haar functional on the same space 
H, where S is the modular element defined above. 
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2.4 The Multiplicative Unitary 

Multiplicative unitaries are fundamental to the theory of quantum groups in the set- 
ting of C*-algebras and von Neumann algebras, and to generalization of Pontrjagin 
duality. In particular, a multiplicative unitary encodes all the structure maps of a 
quantum group and its dual. A very good exposition is given in [35) . 
First let us define the leg notaiton 

Definition 2.16. Let H be a Hilhert space and W G B{H(E)'H) be a bounded operator. 
Then we define Wij G B{'H®*') by letting W act on the factors at the position i,j. In 
particular, the operators Wi2, W23, W13 G 3(1-1 ^T-L® %) is given by the formulae 

Ti2.= T®IdH, T23:^IdH(E>T (2.27) 

T13 := £12X23^12 = 5]23ri2S23 (2.28) 
where E G B{T-L ® H) denotes the flip f ® g ^ g ® f ■ 

Definition 2.17. Let H be a Hilbert space. A unitary operator W G B{T-L ® H) is 

called a multiplicative unitary if it satisfies the pentagon equation 

W23W12 = W12W13W23 (2.29) 

where the leg notation is used. 

Given a GNS representation (T-l, tt. A) of a locally compact quantum group A, we 
can define a unitary operator 

W*{A{a) «) A(6)) = (A «) A)(A(6)(a «) 1)) (2.30) 

It is known that is a multiplicative unitary [Hi Thm 3.16, Thm 3.18], and it 
induces the coproduct on A: 

Proposition 2.18. Let a; G .4 ^ B{T-L) as operator. Then 

W* {1(E) x)W = A{x) (2.31) 

as operators on 1-1®%. 

Proof. For x, f,g £ A,, wc have x ■ A(/) = A{xf), hence 

W*{{l<Eix)-{A{f )<E>A{g))) = W* {A(f) ® A{xg)) 

= (A®A)(A(a;ff)(/®l)) 
= (A®A)(A(x)A(5)(/®l)) 
= A(x) • (A® A)(A(.g)(/® 1)) 
= Aix)W*if®g) 

□ 
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As a motivation, let us consider an example involving classical group: 

Example 2.19. \35l Ex 7.1.i]fS9f Let G be a locally compact group with right Haar 
measure X. Then the operator 

{Wf){x,y):=fixy,y) (2.32) 

is a multiplicative unitary in B{L'^{G,X) (g) L^(G, A)) = B{L'^{G x G,X x A)). The 
pentagon equation for W is equivalent to the associativity of the multiplication in G. 
Indeed, for f ^ L'^{G x G x G,X x X x X) ^ L'^{G, A)®^ and x,y,z e G, we have 

{W23Wi2f)ix,y,z) = f{x{yz),yz,z) 
iWi2WuW23f)ix,y,z) = f{{xy)z,yz,z) 

An important property of W is that it encodes the information of the dual quantum 
group A. By definition, 

A -.^ {{uj ® l)W : uj e B{n)*} ^ B{n) (2.33) 

and we actually have 

W e M{A ® A) (2.34) 

where M stands for the multiplier algebra. 

Similarly, the multiplicative unitary for the dual A is given hy W :— W21, hence 
it is known from the Pontryagin duality that W £ M{A (8) A) as well. From the 
pentagon equation, we then obtain; 

Corollary 2.20. As an element W G M{A®A), together with the pentagon equation, 
we have 

(A (g) 1)W = W13W23 (2.35) 

(1 (g) A)W = W13W12 (2.36) 

Finally let us define the notion of "manageability" introduced by Woronowicz 
[391 140] that describe a class of well behaved multiplicative unitary. It is shown that 
any manageable multiplicative unitary gives rise to a quantum group on the C* level. 

Definition 2.21. A multiplicative unitary W is manageablejif there exist a positive 
self adjoint operator Q acting on % and a unitary operator W acting on H •Si'H such 
that ker(Q) = {0}, 

{Q(E)Q)W = W{Q(E)Q) (2.37) 
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and 

{x ® u, W{z ® v))H<s^n = {z® Qu, W(x ® Q~^v))u®h (2-38) 
for any x,z e'H,y £ D{Q^^),u G D{Q). 

Here H denote the complex conjugate oi H, so that the map x £ H — > x £ H is 
an antimiitary map. The inner product on H is given by {x,y)ji- := {y,x)-u. 

2.5 ^-Commuting Operators 

Throught out tlic paper, we will consider positive operators A, B satisfying AB = 
q^BA for q = e'"''\\q\ = 1. 

We will realize the operator using the canonical pair A = g'^^^bx ^ ^ _ g27rbp -vvhere 
P ~ 2S Ix ■ Then it is well known that 

Proposition 2.22. Both A,B are positive unbounded operators on L^(R) and they 
are essentially self adjoint. The domain for A is given by 

Va = {fix) e L^{R) : e^^'-fix) e L'{R)} (2.39) 

and the domain for B is given by the Fourier transform of 'Da ■ 

Hence we can apply functional calculus and obtain various functions in A and B. 
In particular, for any function defined on a; > S M such that = 1, f{A) will 

be a unitary opeartor. 

In this paper, we will be using a dense subspacc W C L^(R) introduced in [TT1I52] 

Definition 2.23. The dense subspace W C L'^iM) is the linear span of functions of 
the form 

where a,/3 Cz C with Re{a) > 0, and P{x) is a polynomial in x. 

Then it is known |32] that W forms a core for both A and B and it is also stable 
under Fourier transform. It is obvious that these functions have analytic continuation 
to the whole complex plane, and they have rapid decay along the real direction. All 
the operators in the remaining sections will first be defined on W and extended by 
continuity to all of L^(IR) or its natural domain if the opeartor is unbounded. 

We will also use the notion 

W®W C L^(M X M, dsdt) (2.40) 

where the extra exponent e'^^*,j g C is allowed. 

For convenience, we describe some computations involving A and B. 
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Lemma 2.24. For AB ^ q^BA, Ab = q-'^BA, both q'^BA'^ and qBA'^ are 
positive self adjoint operators. By the Baker-Campbell-Hausdoff formula 

^2nbx^2nbp ^ ^2TTb{x+p) ^(27,b)'^[x,p\/2 ^ ^^2i,b{x+p) (2.41) 

we deduce for example 

q-^BA-^ = q-^e^^'^^e-^''^'' ^ ^^^b{p~^) ^ (^2.42) 

Hence we can describe 

{q~^BA~^y^'''' = e'^'^'s'^'^'^A-''^"'^ = (.-^^r' A-'^'^'^B'^'''' (2.43) 

Furthermore we have commutation relations of the form 

{B (g> l)ei^ log A-i®iogi ^ log A-i»iogl^_g ^ ^2.45) 

(1 (g) B)e^ log A-i»iogl ^ iogA-i»iogi^^ ^ (2.46) 

and similar variants. 

Since we are working with positive operators, an important property below allows 
us to avoid the analysis of the coproduct of B that is studied extensively in [30] and 

m- 

Proposition 2.25. The operator e^'^^^ + e'^'^^P is positive and essentially self adjoint. 
In particular the coproduct A(i3) = B ® A + I <^ B defined in (j4.8l) is positive and 
essentially self adjiont operator on L^(]R) ® L^(M). 

Proof. It follows from p.22p by applying u — A,v ^ q^^BA^^, and notice that gb{v) 
is unitary. Hence this gives a unitary transformation that sends e^^''^ to g'^'^bx ^ ^2Trbp _ 
In particular the functional analytic property carries over to the new opeartor. □ 

3 The Quantum Dilogarithm 

We recall the definition of the quantum dilogarithm given in [T^] (see also [T]), an 
important special function that will be used throughout the paper. 
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3.1 Definition and Properties 

Throughout this section, we let q = e^^^'^ where 6^ G M \ Q and < 6^ < 1, so that 
\q\ = 1. We also denote (5 = 6 + 6"-'^. 
Let cj := (wi,W2) e C^. 

Definition 3.1. The Double Z eta function is defined as 

(2(3, z\uj) := ^ {z + miwi + m2W2)~'' ■ (3.1) 

mi,m2SZ>o 

The Double Gamma function is defined as 

r2(z|w) := exp (^^C2(s, z\oj)U^o^ . (3.2) 

Let 

rfc(x) :=r2(x|6,6-i). (3.3) 
The Quantum Dilogarithm is defined as the function: 

St{x) := ^T^^^. (3.4) 

Th[Q ~ X) 

The following form is often useful, and will he used throughtout this paper: 

Gb{x) := e^^(^-«)5b(x) (3.5) 
Let us also relate Gf, to another well known expression by Ruijinaars |31] 
Lemma 3.2. 

Gb{z) = G(&, h-^-iz - 'R)e^-i-Q) (3.6) 



wh. 



ere 



ri \ f . r dy f ^sm2yz^ z \\ 
G(a+,a_;z) := exp U / — —r-n 7 (3-7) 

V Jo y V2smh(a+y)sinh(a_y) a+a^y J J 

with \Im{z)\ < (a+ +a_)/2 and extend meromorphically to the whole complex plane. 
The quantum dilogarithm satisfies the following properties: 
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Proposition 3.3. Self-Duality: 

Sb{x) = Sb-i (x), Gbix) = Gb-i {x) (3.8) 
Functional equations: 

Sbix + b^^) = 2sm{7:b^^x)Sbix), Gb(a; + 6±i) = (1 - e2"^*'^)Gfa(a;) (3.9) 
Reflection property: 

Sb{x)Sb{Q - x) = 1, Gb{x)Gb{Q - x) = e--(--«) (3.10) 
Complex Conjugation: 



Sb{x) = -^-jjz — =r, Gb{x) 
Sb{Q - X) 



In particular 



Sb{^ + ix) 



Gb{^+^x) 



GbiQ-x) 



1 for x G 



(3.11) 



Analyticity: 

Sb{x) and Gb{x) are meromorphic functions with poles at x = —nb— mb~^ and 
zeros at X = Q + nb + mb~^ , for n,m £ Z>o. 
Asymptotic Properties: 



Gbix) 



where 



C,b Im{x) — > +00 



Residues: 



or more generally, 



lim xGb(x) 
X — >-o 



Res- 



1 



GbiQ + z) 2ti ^ 
at z = nb + mb^^, n, m G Z>o and q = e 



1 " 



1 

2^ 



1=1 



(3.12) 



(3.13) 



(3.14) 



(3.15) 
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From the asymptotic properties, we have the following useful corollary that is 
needed when we deal with interchanging of order of integrations: 

Corollary 3.4. For s,t G C,x € M, the asymptotic behavior for the ratio is given by 



Gb{s + ix) 



1 X > +CX) 



. ^ (3-16) 



Gb{t^ix) 

By analytic continuation in 6, there exists a classical limit for Gb{x) given in |12| : 
Theorem 3.5. For q = e^^^ , by letting — > iO"*" we have 

lim ^ ^^^^^^ = Tix) (3.17) 

where \f~-'i = er~ and — < arg(l — q^) < ^. The limit converges uniformly for 
any compact set in C. 

We will also need another important variant of the quantum dilogarithm function: 



which is unitary when x € M>o 



G6(t+ 2^l0gx) 



Lemma 3.6. Let u, v be self adjoint operators with uv = q^vu, q ~ e^^^ . Then 

9b{u)gb{v) = gb{u + v) (3.19) 

gb{v)gb(u) = gb{u)gb{q^^uv)gb(v) (3.20) 

p.l9p and (|3.20p are often referred to as the quantum exponential and the quantum 
pentagon relations, which follows from the other properties: 

gb{u)*vgb{u) = q^^uv + v (3.21) 
gb{v)ugb{v)* = u + q^^uv (3.22) 

3.2 Integral Transformations 

Here we describe several properties of the quantum dilogarithm involving integrations. 
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Lemma 3.7. flj (3.31), (3.32)] We have the following Fourier Transformation for- 
mula: 

where the contour goes above the pole at t = 0. 
Using the reflection properties, we also obtain 

e2^'*''e^'5*G,,(-ii)dt ^ (3.25) 



e'"**'-e"'*'Gfc(-zt)dt = CbGbi^ - ir) (3.26) 

where again the contour goes above the pole at t — 0. 

We will use extensively the following variants. 
Corollary 3.8. For AB = q^BA,AB = q^'^BA, using Lem \2.24\ we have 

g,{B^qBA-^) = / dr (3.27) 

9b{q-'BA-'®B) = / ^ Y dr (3.28) 

gl{B®qi3A-^) = [ B'^''^ ®I3'''''^A-'^''^Gb{-iT)dT (3.29) 

<7b*(9"^S^"^ «)S) = /" A-'''''^B'^'^'- ®I3'^''^Gb{~iT)dT (3.30) 

A'^ofe i/iai the arguments inside gb are all essentially self adjoint, hence the expression 
is well defined. 

Lemma 3.9. |IJ B.4] q-Binomial Theorem: For positive self adjoint variables u,v 
with uv = q^vu, we have: 

{u + vy'>"' = J (^il^ u''~"^'-^'>v'''~"-dT (3.31) 
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where the q-heta function (or q-hinomial coefficient) is given by 

t \ Gbi~T)Gb{T - t) 



and C is the contour along R that goes above the pole at t = and below the pole at 
T = t. 

Lemma 3.10. JMBl Lemma 15]We have the Tau-Beta theorem: 

^-2^Tf} Gb{a + iT) ^ Gb{a)Gb{l3) 
c Gb{Q + iT) Gb{a + (3) ^ ' ' 

where the contour G goes along R and goes above the poles of Gb{Q + it) and below 
those of Gb{a + ir). By the asymptotic properties of Gb, the integral converges for 
Re{/3) > 0,i?e(a + /3) < Q. 

Lemma 3.11. Rewriting the integral transform in t38^ in terms of Gb, we obtain the 
4--5 relation given by: 

, -2.^r Gb{a + ir)Gb{l3 + iT) _ Gb{a)Gb{P)Gb{i) 

Gb{a + p + + iT)Gb{Q + it) Gb{a + -i)Gb{li + i) ^ ' ' 

where the contour C goes along R and goes above the poles of the denomiator, and 
below the poles of the numerator. By the asymptotic properties of Gb, the integral 
converges for Re{^) > 0. 

An important corollary of Lem 13.1(11 is the following: 

Corollary 3.12. Let f{z) e W (cf Def WJ3\) . then we have 

lim / . ^f{z)dz = / 0) 3.35) 

^^^Jc Gb(Q + iz-e) 

where the contour go above the poles of the denominator and below the poles of the 
numerator. Alternatively, we can shift the pole so that the expression is as integration 
over R: 

f Gb{Q-2e)Gb{iz + e) 

lim / n ,n^- A c'^; = / 0) 3.36) 

^^oJr Gb[Q + iz-e) 



Formally as distribution 

Gb{Q)Gb{ix) 



GbiQ + ix) 



S{x), X € 
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Proof. By Lcm 13.101 we have 



e^o L Gb{Q + iz-e) ' 



lim 

e S-O 



Gb{Q + iT) 



where the contour C goes above the pole at t = 0. 
Now by Cor 13. 4[ the integrand in r has asymptotics 



-2^r(^z+e) Gb{Q-2e + iT) 

Gb{Q + iT) 



oo 

— oo 



Hence the integrand is absolutely convergent in both r and z. Hence we can inter- 
change the integration order of r and z, 



lim / I e 

e S-O 



2^rUz+e) GbjQ - 2e + Zt) 



— lim 

£ S-O 



CJR GbiQ + iT 

2^„ G'fc(g-2£ + ZT 

c Gb{Q + ir) 



f{z)dzdT 

{Tf){T)dT 



Where F is the Fouirer Transform. Since / e W, Ff e W as well, hence the integrand 
is absolutely convergent independent of e. Hence we can interchange the limit and 
finally obtain 



lim e-^'^^C^+O 

£ >0 



Gb{Q-2e + iT) 



{Ff){T)d7 



GbiQ + ir) 

yf){r)dT 

- m 

where the last line follows from the properties of Fourier transform. 



□ 



Remark 3.13. This is just the analogue of the delta function as a hyper function. 
Since the integrand is unless z is close to 0, it suffices to notice that near z — Q, 
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from the analytic properties for Gb we have Gb{z) ^ Gt,{Q-z) ^ 2^' ^'^ ^^'^^ 



j.^^ Gb{Q - 2e)Gb{iz + e) 
Gb{Q + iz-e) 

lim - — — r- 

e — !-o 2Tn[iz — e)[iz + e) 

lim 



>o 27ri \z — ie z + ie 
= 6iz) 

Intuitively, restricting to x £ R, '^q^q^}^)'^ always unless x = 0, in which 
case it is 00. The properties of Gb says that it gives the right normalization to be a 
delta function. 

The other variants which we wiU also use include: 

Corollary 3.14. For f{x) G W, we have 

f Gb{e-ix)Gb{e + ix) 
hm / — — f{x)dx = /(O) (3.37) 

r f Gbie + ix~b)Gb{Q + b-2e) 2ffn^^r( .,^ .0 oon 

hm / r< in^- ^ f{x)dx = /(O) + /(-i6) (3.38) 

'i-^OJa Gb[Q + ix-e) 



or formally 



Gb{-ix)Gb{ix) 

gM 

Gbjix ~ b)Gb{Q + b) 
Gb{Q + ix) 



S{x) (3.39) 
-q^6{x) + 5{x + ib) (3.40) 



which follows from the functional properties of Gb{x) and similar arguments as 
above. 

A particular important case in the study of modular double (see the next section) 
is proved in [TJ Lem 3] which can also be obtained from the above arguments: 

Corollary 3.15. Let u,v be positive self adjoint operators satisfying uv = q^vu. By 
taking t — > —ib^^ in Lem \3.!A we obtain 

{u + vf"'"=u'"'"+v^"'" (3.41) 
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4 The Quantum Plane 



In this section, we will define the main object of study in this paper, the C* algebra 
A of "functions vanishing at infinity" on the quantum plane quantum semigroup. It's 
Haar functional is established, and we obtain the GNS construction of A on a Hilbert 
space H ~ L^(R X R). Finally we construct the multiplicative unitary W ^ and show 
that it is in fact manageable. 

4.1 Motivations from Classical ax + h Group 

Recall that the classical ax + b group is the group G of affine transformation on the 
real line R, where a > and 6 €! R, and they can be represented by a matrix of the 
form (we used the transposed version): 

( I \ ) (4.1) 

where the multiplication is given by 

We can then talk about the space Cao{G) of functions on G vanishing at infinity, and 
a dense subspace of functions Wg of the form 

Wg = {g(loga)/(6) : /,5 e W C (4.3) 

where f,g gW are the rapidly decaying functions defined in Def 12.231 Then Coo{G) 
is the sup- norm closure of Wg ■ 

In the study of quantum plane, it is necessary to consider the semigroup G+ of 
positive elements. Restricting f{a,b) £ Wg to 5 > 0, we can use Mellin transform 
and express the functions as 

f{a,b)^ [ [ F{s,t)a'''b'*dsdt (4.4) 

Since the function is continuous at 6 = 0, it has at most 0(1) growth as 6 — > 0+. 
Hence from Thm [221 we conclude that F{s,t) is entire analytic with respect to s, 
and holomorphic on Im(<) > 0. Furthermore, it has rapid decay in s,t along the real 
direction, and can be analytically continued to Im(i) < 0. Moreover, since f{a,b) is 
analytic at 6 = 0, the analytic structure of /(a, b) on 6 is given by X]fe°=o '^kb'' 
some constant Ak- Hence F(s, t) has possible simple poles at t = — m, n = 0, 1, 2, .... 
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Finally according to the Parseval's Formula for Mellin Transform, there is an 
norm on functions of given by 

||/(a,&)||2 ^ £ljF{s,t+^i)\'dtds (4.5) 

induced from the Haar measure —db. However, it is no longer left invariant due to 
the lack of inverses. 

4.2 The Quantum Plane Algebra and its Modular Double 

Throughout the section, we let q = e''*''^ g = e''*''"' where fe^ e R \ Q, < 6^ < 1. We 
have \q\ = \q\ = 1. 

The quantum plane Aq is formally the Hopf algebra generated by positive self 
adjoint operators A, B satisfying 

AB = q^BA (4.6) 

with coproduct 

A(A) = A® A (4.7) 
A(B) = B®A + l®B (4.8) 

Hence it is clear from the previous section that the quantum plane is just the quantum 
analogue of the classical ax + b group. Their relationships are studied in detail in |12] . 
Note that by Prop l2.25l the coproduct are positive essentially self adjiont, hence they 
are well defined. 

An interesting object in the study of quantum plane is the modular double element 
[SJini[TH]. Aq is formally the Hopf algebra generated by positive self adjoint elements 

A = A^/''\ B = B^/^' (4.9) 

such that they satisfy 

AB = qBA. (4.10) 

Then according to the formula above, using Cor 13.151 we conclude that they have 
the same bialgebra structure: 

A(A) = A® A (4.11) 

A(i?) = {b®a + i®bY'^^ 

= {B® Ay/''^ +{1® B)^/'''' 

= B®A + 1®B (4.12) 
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Motivated from the definition given in the previous section for the classical ax + b 
group, we define the C* algebra Cooi^q) of "functions on the quantum plane vanishing 
at infinity" as follow. 

Definition 4.1. CoaiAq) is the space of all functions 

( r r ^ norm closure 

Coo(A)- / fis,t)A'''~"'B''~"*dsdt\ (4.13) 

where f is entire analytic in s, and meromorphic in t with possible simple poles at 

m 

t = —ibn — i—, n, 771 = 0, 1, 2, ... 



and for fixed v > 0, the functions f{s + iv,t) and f{s,t + iv) are of rapid decay 
(faster than any exponential) in both s and t. To define the C* norm, we realize 
j^ib- s ^ g2Trisj(^^^ j^ib- tf(^x) = e'^^''-Pf{x) = /(x + 1) as unitary operators 
on iy^(M) and take the operator norm. 

For simplicity, we will denote the space simply by A Coo{Aq). 

Remark 4.2. As in the classical case, by Mellin transform in s, we can consider the 
linear span of 

g{\ogA) [ f2{t)B^''"'dt 

instead, where g{x) is entire analytic and of rapid decay in x ^ M.. This form will 
be useful later when we deal with the pairing between A and its dual space A. We 
can also conclude from the definition that A, A~^ , A, A~^ , B and B are all elements 
ofM{A). 

This definition differs from the classical case in certain aspects. First of all, there 
is a 6 i — > b^^ duality in this definition. Indeed, it is obvious that we have 

Coo{Aq,b) = CUA^,b-^) (4.14) 

because A^b^^sQib-H ^ ^ibs^ibt ^j^g analyticity of /(s,i) has the b i — > b-^ 
duality. Hence it encodes the information of both Aq and Aq. For example, we see 
by Thm 12.2] that as a funciton of B, at B = it admits a series representation 

F{B) - a™„B™+"/^' ^ B"'B'' (4.15) 

m,n>0 m,n>0 

This choice of poles in the definition is needed in order for the coproduct A(^) to 
lie in M{A® A), the multiplier algebra, because of the appearance of the quantum 
dilogarithm Gb{—iT), hence it is a "minimal" choice for all the calculations to work. 
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Proposition 4.3. Let us denote simply f := /r+jq /jj /(si O^*** ^*dsdt. Ther 

the coproduct is given by 



= / / fis,t){A"' '(^A'" '){B(E}A + l(E)By'' 'dsdt 

<riQJv.Jc Gb{~it) 

f^s,t + ^)^Hl)G6Hi)^,b-i,^,fc-it A^'-'^^+''>B'''''^drdsdt 

or formally 

A(/)(si, ti, S2, t,) = f{s^,t, + t,)^^^t^^^^^^]lt^s{s2,s, + t,) (4.16) 

Gb[-l{tl + t2)) 

Corollary 4.4. The coproduct is a map A : A — > M{A ® .4) where M{A) is the 
multiplier algebra for A. 

Proof. Wc need to show that A{f){g(E)h) lies in A® A for /, g, h G A. From the formula 
for A, we see that the poles for / is cancelled by Gt(— i(i+T)), and two new set of poles 
at the specified location are introduced by the numerator Gb{—iT)Gb{—it). Hence 
the integrand of the coproduct is a generalized function with the specified analytic 
properties. Since Goo{Aq) is closed under product, which comes from Mellin transform 
of certain series representation, the product of A(/) and any element g ® h € A® A 
will lie hiA®A. □ 

Finally let us describe the antipodc S and unitary antipodc R. On the Hopf 
algebra level, the antipode is given by S{A) = A^^,S{B) = —BA^^. Formally we 
extend it to A by 

/ f f{s,t)A''''''B''''''dsdt] = ( f f f{s,t){e'''BA-^y'''''A-'''''''dsdt 
and hence we define 

Definition 4.5. We define the antipode to be 

S{f) = fi-s - t, t)e-'^Q*e"(2'**+*') (4.17) 
Then S'^{f){s,t) ~ /(s, t)e~^'^'^*, hence we conclude the scaling group to be 

T-^{A'''''') = r_,(B*^"'*) = 6-2^0*5''^"'* (4.18) 
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or more generally 



Tt{A) = A, Tt{B) = e-2'^''^*B (4.19) 

Then the unitary antipode R = Ti/2S is given by 

RiA) = A-^ (4.20) 

R{B) = -e-'^'^'^BA-^ = e-'"^'-'''BA-^ =q-^BA-^ (4.21) 



We note that R sends positive operators to positive operators, which differs from 
the usual choice (see e.g. [351 Thm 8.4.33]). Furthermore, when we later realize /(s, t) 
as element in H := L^(]R^) in the von Neumann picture, the antipode 5* can be seen 
to be an unbomidcd operator on "H due to the factor e"'^'^* coming from the negative 
sign, while R is unitary. Hence R is better suit for this positive semigroup context. 

It is known that as polynomial algebra Aq and Aq are C* algebra of Type Hi 
[5J[TH]. However, by expressing A = e^'^^^,B = e^'^^P, the definition of A states that 
it is nothing but the algebra of all bounded operators on (R) via the Weyl formula 
[S], hence it is a C* algebra of Type I. Therefore A is precisely the modular double 
Aq (8) Aq, and it arises as a natural framework to the study of this subject. 

Finally we will also see in the GNS-construction that a natural L^-norm is given 
by (cf. ThmlM]) 

\\fis,t)r = J^Jjfis,t+'-^)\'dsdt (4.22) 
which is an analogue of the classical Parseval's formula. 
4.3 The Haar Functional 

Recall from Dcf I2.8l that a linear functional is called a left invariant Haar functional 
if it satisfies 

{l(E)h){Ax) ^ h{x) -iMiA) (4-23) 
and a right invariant Haar functional if it satisfies 

ih®l)iAx)=h{x)-lMiA) (4.24) 
Theorem 4.6. There exists a left invariant Haar functional on A, given by 

h( I [ f{s,t)A'^''''B'^'''dsdt] ^ f{Q,iQ) (4.25) 
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Proof. From Prop [?!3l the coproduct is given by 
a(/ f f{s,t)A''''''B''''''dsdt) 

Jm+mJmJc Gb[—it) 

Js.JM-toJc Gb[lS-lt~lT) 

In the last step, we push the contour of t back to the real hne, and the contour of r 
to be the real line that goes above the pole at r = only. This will force the contour 
of s to move below the pole at s = t. 

Now as a function of t the integrand is well defined for < Im{T) < Q. Therefore 
to applying the Haar functional, we take the analytic continuation to t = iQ by 
lim T ^ iQ — it. Using Cor 13.121 we have 

f- — )-0 

= lim / /(s,zg-s-*.)%^g-^l^A'^^^^S»^-^(-)d. 

- /(o,*0) 

as desired. □ 

Using exactly the same technique, we can derive the counit for A: 
Corollary 4.7. The counit is given by 



e(/) = lim Gb{Q + it) / f{s,t)ds 

and satisfies 

(1 (g) e)A = IdA = (e ® 1)A 
4.4 The GNS Description 

The GNS representation enables us to bring the quantum plane into the Hilbert space 
level, where the algebra is realized as operators on certain Hilbert space. This Hilbert 
space is nothing but the space of " functions on the quantum plane" , which gives 
the necessary background later to describe the functions on Gi+(2,M) using the 
Quantum Double construction. This will allow us to state the main theorem (Thm 
I8.15P on the decomposition of I/^(G'L+(2, M)) into the fundamental principal series 
representations of t/q(0[(2, M)) with certain Plancherel measure. 

Now equipped with the left invariant Haar functional h, we can describe completely 
the GNS representation of A using h as the weight. 
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Theorem 4.8. Let % = _L^(M x M), the completition o/L^(R) (gjW equipped with the 
inner product 



{f,9)= I I g{s,t+'-^)f{s,t+'-^)dsdt (4.26) 



and the norm 



\ff^ll\f{s,t+'-^)fdsdt (4.27) 



Then the GNS map is simply given by 

a( [ I f{s, t)A^'''^B^'~'*dsdt) = /(s, t) (4.28) 

in particular, the Haar functional is a faithful weight. 

The action tt is given by the multiplication of A on itself: 

7r(a)A(6) := A(a6), a,b e A (4.29) 

First of all, let us note that A is closed under *: 

Proposition 4.9. The conjugation map T is given by 

T{f) - 7(-s, -Oe^--* (4.30) 



where we denote by f{z) :~ f{z). 

We observe that /(— s, — t)e^'^*''* still satisfies all the analytic properties required 
to be element of A: it is entire analytic in s, meromorphic in t with possible poles at 
t = —inb— imb~^, etc. see Def \4.1\ 

Proof. 



[ [ f{s,t)B-^''-'~'A 



-iO 





'^'^dsdtj 




'^^''dsdl 


-'*A- 


''''''dsdt 







'B'" 'dsdt 



I I .fi-s, -t)e^'''''A' 

[ [ 7{-~s,-t)e'^''"''A''''''B''''''dsdt 
jR+io Jr 
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□ 

Next we describe the product in terms of f{s,t): 
Proposition 4.10. The product of two element in A is given by: 

if-g){s,t)^ f f f{s-s',t-t')gis',t')e'^^^'^'-''Us'dt' (4.31) 



i.e. a twisted convolution. Here C is the contour that with possible poles goes below 
t'^t and above t' = 0. 



Proof. 



f{s,t)A'^ ''B''''~'*dsdt) ( / / g{s',t')A''''''' B''' '^'ds'dt' 

+iO JR J \Jw+iO Jr 

f{s,t)g{s' ,t')e'^'''' A'^''^'+'"^ B''''''^'+''Us' dt' dsdt 



R+iO 



(/ / ^')e'"''^*"*'^ds'cit'j A'^'''B''''''dsdt 



where in the last step, the shift in t wih push the contour of t' to go below t' = t. □ 



Proof of Thm \4.8\ Using the formula for the Haar functional, and the definition of 
the GNS inner product, we have 

(/,5> = Hg*f) 

= h{gi-s,-t)e'-^^'-f{s,t)) 

= h( [ [ g{s' -s,t'- t)e^^'^'-''^'-*-*'^f{s', t')e^^''''^*~''Us'dt') 
( f f g{s' -s,t'- t)f{s', t')e'-^^^'-*'Us'dt') 

\jR+iO JR J 



= h 



R+iO 



g{s',t' -iQ)f{s',t')ds'dt' 



g{s'.t'~^)f{s',t' + ^)ds'dt' 



g{s',t'+'^)f{s\t'+'-^)ds'dt' 

where in the second to last line, wc do a shift in the contour of t by ^ by holomor- 
phicity. □ 
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Finally we read off the representation tt of ^ on the functions f{s,t) G H: 
Proposition 4.11. The representation n : A ^ B{'H) is given by 

7r(A) = e-2^^P% tt{B) = e^''^' er'^^'^P^ (4.32) 

where ps = ■^-§^, so that e^^^^' ■ f{s) — f{s — ib). Similarly for pt- 
Proof. A acts on f{s,t) by: 



Hence A*'' ■ f{s,t) 
Similarly, 



Hence B^'' ■ f{s,t) 

We will take this Hilbert space Ti, as our canonical choice, when we introduce right 
measure and dual space. 

4.5 Modular Maps and the Right Picture 

In this section we describe the remaining objects defined in section [^751 as well as the 
description of the right invariant picture for the quantum plane. 

From now on, let us restrict all operators on the dense subspace W, and we will 
extend any bounded operators on W to the whole space %. 

Proposition 4.12. The conjugation map T (cf. (|2.20|) ] is given by 

T{f)=J{-s,^t)e^''"'' (4.33) 



f{s,t)A'^''^'+''^B'^'''dsdt 
f{s- s',t)A'^''''B'^''^dsdt 



f{s~s',t), or A = e-^''^P' 



B'^ / / f{s,t)A''' '-'B'^ '*dsdt 



f{s,t)e^'''''' J^^ 'B'^ ^'+''Usdt 



f{s,t-t')e'^'"'''A''' ''B'^ '*dsdt 



33 



T* is given by 

T*{f) = 7(-s, ^t)e^^-'''e^'"'^ (4.34) 

Hence V = y*y jg given by 

V{f) = f{s,t)e'^'^ (4.35) 
anrf J = rV^5 = V^T is given by 

J{f) = 7i-s, -t)e2^*"*e'^"'5 (4.36) 

We have .P = J*J = Id. 

Proof. It suffices to establish the map T*. Since T is antihnear, from tlie definition 
of adjoint for antihnear map, we have: 



(T/,.9) = (/,T*.g) 

RHS = ffT*g{s,t+'-^)f{s,t+'-^)dsd-t 



T*g{s,t+'-^)f{S,t+'-^)dsdt 



LHS = //.g(5j+!| )/(-., -t_!|)e2-(*+^)d.dt 



5(-., t - !^)/(^,Z+ !|)e2-(-)(-*+^)d.dt 

Hence T*g = g(-.s, -t)e'^^'^* e'^'"'^ □ 

Corollary 4.13. The modular group (Tt(.T) = V**xV^** is given by 

at{A) = e^^^^^A (4.37) 

ot[B) = B (4.38) 

Proposition 4.14. T/ie scaling constant v is given by 

V = e^^'rQ" > (4.39) 

i/ie modular element S is given by 

6 = (4.40) 
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and the right Haar weight is given by 

ij{f)^f{-iQ,iQ)e-^''^" (4.41) 

Proof. 

h{Tt'if)) = hi JJ f{s,t)e~^''^'^'''^''*A'''''''B'^'''dsdt 

= h{ JJ f{s,t)e-^'''Q'''A''''''B'^'''dsdt 
= /(0,iQ)e-2"Q*'»Q 
= /(0,zQ)e2-Q'*' 

Hence = e"^'^*^^ 
Obviously 

at{S) = e2-bQt(-f )^ ^ e-2-Q^*<5 = i,'S (4.42) 
Finally for the right Haar weight, recall that 

R{A) = 

R{B) = q-^BA~^ 

hence 

^.(/) = h{R{f)) 

= h{jj f{s, t){q-^BA-^)^~'''A-'^~''dsdt) 

= h[jj /(s,t)<7-^''"*g-"'"*(*''"*-l)q-2&-^t(s+t)^-^&-i(s+t)5,b-4^^^^) 
= h{jj /(s,t)e-^'(2st+t^)A-''''"(^+*'S''^"*dsdt 

- '.(///(-» -M)«"«--">A"-B-M.., 

= /(-*Q,*Q)e^'W)' 
= /(-*Q,*Q)e--^«' 

□ 

We have an isometry T-Lr — > Hl between the Hilbert space associated to the 
right and left invariant Haar state respectively, given in Prop 12.151 by 

Ania) = ALiaSi) = Ai(aA-*) (4.43) 
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Explicitly, we can rewrite all the maps in the right picture. We list here for conve- 
nience. 

Proposition 4.15. we have 

^r( [ I f{s, t)A'''~''B''>~''dsdt) = fis - '-^,t)e-^'^' (4.44) 
with inner product given by 



{L9)b = I I 9{s-^^t+^)f{s-^,t+'-9.)e-^^Q^dsdt (4.45) 

TRf{s,t) = 7(-,s,-t)e2--*e-^'3* (4.46) 

jRf{s,t) = 7(-s,-t)e2--*e-^Qe-^ (4.49) 
/n particular, we recover the relation \20\. ] 

= J (4.50) 

4.6 The Multiplicative Unitary 

In this section we will describe the multiplicative unitary W explicitly. Recall (cf. 
(|2.30p ) that it is defined as a unitary operator on "H ® "H by 

W*{K{a) ® A(fe)) = (A ® A)(A(6)(a ® I)) (4.5f ) 

Proposition 4.16. The multiplicative unitary W £ B{7i (E) H) is given by 

W = e^'°s^"'«^'°s%(B®gBi-i) (4.52) 

= 5b(q-iBA-i®B)e^'°s^"'®'°s^ (4.53) 



where 

as before, and 

i = e2'^''^ ^ = Gb(-^^)oe2'^''P*-2'^''f^ oG6(-^^)-l (4.57) 
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Remark 4.17. Note that we actually have W G AI{A^B{H)). Moreover, in the next 
section, we will see that the hat operators are precisely the dual space elements, hence 
indeed W G M{A<SiA). Furthermore, the multiplicative unitary will be invariant 
under the exchange b — > b^^ and Aq — > Aq. 

Proof. First of all notice that A and B are positive operators on the subspace W 
(with the measure shifted in t) since Gbi/^ — it) is unitary. Furthermore we have 
As = q~^BA. Moreover, both q~^BA~^ and qBA~^ are positive operators, hence 
the expression is well defined. 

The formula for W follows from W* by conjugation, and using the relation (|2.45p . (|2.46p . 

For simplicity, we compute W* formally using the definition: 

W*if(g>g) 
= A(.g)(/®1) 

/ + , + ■, Gb{-iti)Gb{-it2) , + \\ f/ ^ \ 

g[si,ti +t2) , ., — d(s2,si •/(si,ti) 

Gh{-i{t\ + 12)) J 

' 9{si- s^,ti+t2-t^)————— -— 

cJs. Gb[-i{ti + t2 - t[)) 

Sis2,si + ti - t[ - s[)f{s[,t[)e^^'''^'^'-''^^ds[dt[ 



where C goes below t[ ~ ti. Replacing s'l = si + ti — S2 — t[, we get 

= / .f{si +tl-S2- t[,t[)g{t\ ~ti+ S2,ti +t2- t[) 

Jc 

2^,(,-^+t,-s2-t',)(t-t':) Gb{it'i - iti)Gb{-it2) , 
Gb{-i{t^+t2-t',)) ' 

Renaming t'l = r and do a shift t i— > ii — r we get 

W*{f^g) = f fis, ~S2 + T,t,^ r)g{s2 - r, + ^yMs.-s.+r)r G,{~^r)Gb{^^t2) 

Jk+iO Gb{~lT - lt2) 



where the contour of t becomes that goes above r = 0. 
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On the other hand, using Cor 13.81 the formula we desired is 

= ei^'°sA0iogi A /■ A-'''''^B'''''''- (g}&''''^Gb{-~iT)dT\ (f(E)g) 

yjR+io ) 

\Jr+m Gb{-it2 - it) J 

j{Sl - S2+ T,ti - T)g{S2- T,t2+ T)e ' : r——dT 



Gb{-iT ~ it2) 



For completeness, let us note that the action of W is given by 



WU®g)^ I ^.^.f . J {si+S2,h-r)g{s2-r,t2 + r)dr 

(4.58) 

□ 

In [30], it is commented that manageability of the multiplicative unitary is the 
property that distinguish quantum groups from quantum semigroups. However, we 
obtain the following: 

Theorem 4.18. W defined above is manageable. 

Proof. We need to look for the positive operator Q and the unitary W in Def l2.21l It 
is known (e.g. see [211 [H]) that Q can be expressed in terms of the scaling constant 
and the scaling group: 

Q = pi/2^ P"A(x) = i.i/2^(rt(a)) (4.59) 
from the expression derived in the previous sections, we obtain 

Q./(s,t) = e--«(*-'?)/(s,i) (4.60) 

Note that in fact Q is positive, under the inner product of H (with a shift in t t+^). 

Then we see that Q ® Q commutes with A, A and B ® B. Therefore from the 
formula (|4.52p we conclude that Q®Q commutes with W. 

Next we will express W from definition, and show that it is a unitary operator. 
First of all, let us note that restricting to holomorphic functions, when a shift in 
contour is involved, the inner product actually reads 



{f,9)n= I I f{s,t+'-^)gis,t+'-^)dsdt (4.61) 
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see the derivation in the proof of Thm 
By definition we have 



(/' ® <?', Wif ® g))n<^n = if ® Qg\ W{f' ® Q-'g)) 



where / :— f{z) = f{z) G H, and the inner product is given by 



f{s,t^'-^)g{-s,t-'-^)dsdt (4.62) 



Now using the action of W given by ()4.58p . we have 
LHS = II II ds,dhds2dt2f'{s,,h + Y)9'{s2,t2 + 



Jw+ro Gbif - it2 - iT)GbiQ + tr) 2 2 

dTds,dhds2dt2f'{si,h + '-^)g'{s2M + !^)e-2""i • 

Gbm-it2-iT)Gb{iT) -^ iQ iQ 

Gb{^-tt2) 2 2 

dTds^dt,ds2dt2l{s,M - Y)9'is2,t2 + . 

Gbi^ - it2 - iT)Gb{iT) iQ iQ 

-— Q — / [Sl-S2,tl+T+ —)g{S2 - T, t2 + T - — 

Gb{^-tt2) 2 2 

RHS = J J Jl dsidhds2dt27{si,h~'-^g'{s2,t2 + Y)e-^'^'' 

W{T ®Q-^g){-,M-'-^,-2M+'-^) 



39 



Compairing, we get 

iQ iQ 

/'(Sl - S2,tl+T+ —)g{s2 -T,t2+T - —)dT 
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2 2' 7r+,o Gb(§ -zt2 -«r)G6(Q + iT) 

_ iQ _ iQ 

/'(sT ~s^,ti+T- —)g{s^ -T,t2 + T+ -^)cJt 

so that 

W^(/®Q"'5)(si,tl,.S2,t2)= / ^ , . .^'y , " f isi-S2,h+T)g{s2-T,t2+T)dT 

Now renaming G ~ Q^^g, i-c. G(s2,t2) = e'^'^^*^~"?'^5(s27 ^2), we have 

g{s2 -TM+r)= G{S2 - T, t2 + T)e-^«(*^+^^'?) 
hence the action of W becomes 

= / ^TT^ ■ in \ ■ \ ^("^ " ^2, + T)g(.2 - r, t2 + r)dr 

Jk+jO Gfc(-zt2 - «T)G6(g + ir) 

= / 7(.si-S2,ti+T).9(s2-r,t2+T)e2--(^^-^^+*^+^-^) 



Gb{Q + it2 + iT)Gbi-iT) 
Gb{Q + it2) 



dr 



Hence we can conclude that 

W = e~2^''^P»i / {B*)'^''^ {B*y''~'^{A*Y^~'^Gb{-iT)dT 

JR+iO 



where 

B# = Gb(g + it)-ie2"^(^'*-P=) o GbiQ + It) 

are all positive operators with respect to the measure in % ® and we used an 
analogue of p.29p with A'^B'^ = q^B'^A'^. Hence is a unitary operator. □ 
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Remark 4.19. This is a rather curious and striking result since our quantum plane 
has been restricted to B > so that all the operators involved are positive essentially 
self adjoint and nicely defined. In fact, the key difference is that in JJUjI, the multi- 
plicative unitary W lies in A<^ A, while our W lies in A<Si A, and the Hilbert space 
H ~ (M X M) is "twice " larger than the canonical space (M) for the action of A 
only. For example, we see that the operator does not lie in the action spanned 
by A itself. Therefore it is worth studying a deeper meaning of manageability of W 
in this wider context of quantum semigroups. The difference in the definition of W 
mentioned above in fact produces a new transformation formula for Gb, see section\^ 
for further detail. 

5 The Dual Space 

We have encountered the dual space element in the expression for the multiplicative 
unitary W. Following the recipe in [19], in order to describe the GNS representation 
for the dual space A, which is self dual for quantum plane, we need to establish a 
non-dcgcncratc pairing between A and A. 

First of all let us describe its own GNS representation (H, if, A). After establishing 
the pairing, we can then relate them to the canonical space H. 

5.1 Definitions 

First let us describe the dual space on the Hopf algebra level. 

Definition 5.1. The algebraic dual space A* ~ Aq is generated by self adjoint oper- 
ators X, Y with XY = q^YX and the same coproduct. 

Following [9] , occasionally we will use the notation Bq to denote A* when we want 
to think about the dual space as the quantum algebra counterpart of the quantum 
group Aq. This correspondence is discussed in [12] . Similarly we use the notation Bqq 
to denote the modular double Bq O Bq. 

Definition 5.2. We define Aq = A*"^ to be the algebra generated by X, Y with 
XY = q^YX and the opposite coproduct. Alternatively, by defining A = X^^,B = 
q"^Y X~^ , we define Aq to be generated by positive elements A,B with AB ~ q^^BA 
and the same coproduct as A and B: 

A(i) = A® A (5.1) 
A(B) = B(g)A+l®B (5.2) 
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Definition 5.3. Similar to the quantum plane, we define A :~ Coo{Aq) to be the 
linear span of elements of the form 

f=[ [ f{s,t)&''''*A'''''''dsdt (5.3) 

where f{s,t) has the same analytic properties as those in A. 

Since the space are self dual, we immediately have the following 
Proposition 5.4. The left and right Haar state is given as before: 

hd!) = /(0,*g) (5.4) 

hR{f) = f{-iQ,iQ)e-^''^" (5.5) 

The GNS representation on % associated with is simply given by 

[ [ f{s,t)&''"'A''"'dsdt) = f{s,t) (5.6) 

VJR+iO JM / 

and the inner product is given by (notice the extra exponent): 



(/,.9) ■.= hL{rf)^ j^jj{s,t+'-^)f{s,t+'-^)e^-<^^dsdt (5.7) 

Following the same method as in the previous section, we also establish the fol- 
lowing maps: 

Proposition 5.5. The product of two elements is given by 

if ■ 5)(s, t)= ff fis ~s',t- t'Ms', t')e^"^^-^'^'ds'dt' (5.8) 



The action of A and B is given by: 
The antipode is given by 

S{f) ^ /(-s - t, t)e'^Q*e"*'+2'^*''* (5.10) 

Scaling group is given by 

Tt{A) = A ft{B) = e^^'^^'B (5.11) 
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Unitary Antipode is given by 

R{A) = Jr^ R{B) = qBA-^ (5.12) 

or explicitly by 

R{f ) = fi-s - t, t)e'^i*'+2'^^^* (5.13) 

Scaling constant is given by 

£, = e^'^Q' = jy-i (5.14) 
Note that by general theory, for the dual space we have instead S = RTi/2- 



Proposition 5.6. Acting on the space %, we have 

f:f{s,t) ^ 7(-s,-i)e2--* (5.15) 

f* : f{s,t) J{^s,-t)e^''"'*e~^''"^ (5.16) 

A:fis,t) ^ /(s,t)e-2^^Q (5.17) 

J-fis,t) ^ 7(_5, -i)e2--*e-^'3 (5.18) 



5.2 The Non-Degenerate Pairing 

Recall that we have the pairing between Aq and A* from the compact case: 

{A,X)^q-\ {B,X)^0 

{A,Y)=0, (B,y)=ceC 

where c is any complex number. 

The pairing between A, B and A = X^^,I3 = q^^YX~^ is given by 

{A,A)^q^, {B,A)^0 

{A,I3)=0, {B,B) = cq := c' 
We will choose c' = 1. From this it is extended to 

(B"^", i) = q^"S„,o, {B'^A^, B) = 5,ni 

and then to 

where [m]ql := [m]q[m — l]q...[l]g is the (/-factorial, and [m]q = qZq-i is the q- 
number. 

From the analogy between the quantum dilogarithm Gb and the Tq function es- 
tablished in [12], we prove the following theorem: 
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Theorem 5.7. The Hopf pairing between A and A* ~ A'^°'^ is given by 
g{s,t)B'^'''A"''''dsdt, ff f{s,t)B'^''*A'^'''dsdt) 



gis, t)f{s', t)Gb{Q + it)e-^''"''^''+'Us'dsdt (5.19) 
g{s,t)A'^''''B'^''^dsdt, jj f{s,t)B''''''A'''~''dsdt) 
g{s, t)f{s', t)Gb{Q + ii)e"^"''*'+*^e-2'^*"*ds'dsdi (5.20) 
or using the Mellin Transformed picture (see Remark \4.S^ : 

{J f{t)B^''''g{\ogA)dt,JJ f{s,t)B'''"'A''''"'dsdt) 

g{-2TTbs')f{s', t)f{t)Gb{Q + it)e~^"*'''ds'dt (5.21) 
(/ 5(logA)/(t)i?'^"*dt,|/ fis,t)B''"'A''"'dsdt) 

gi-2TTb{s' + t))f{s', t)f{t)Gb{Q + it)e-^'"''''ds'dt (5.22) 
Proof. It suffices to show that 

{f,gh)^{A{f),g^h). (5.23) 

The other relations are similar by duality. We will prove the first form (|5.20p . For 
simplicity we omit all the integrations after the pairing. Every variable is to be 
integrated. 

LHS = {f{s,t), JJ g{s- s',t-^t')h{s',t')e^''''-'-''^''ds'dt') 

= /(s, t)g{s" -s',t- t')h{s', t')e'"(""""'^*'G6(g + ii)e-2--"(^+*)e-2--* 
= f{s, t)g{s" -s\t- t')h{s\ t')Gb{Q + it)e2'r»(s"-s')t'e-2W(^+t)e-2'^*'** 

RHS - {f{suti+t2 f'^^'*'}^'^7'l^h is,,s^+t^),g{^ 

Gb{-ttl - lt2)) 

= f{siM + h fi^'^'l^'^^f^^ GbiQ + iti)Gb{Q + it2)5{s2.s, + ii) 

Gb[-tti - lt2) 

ff(s;,tl)/l(s2,t2)e"^''*'''i("i+*i^e~27r»4{.S2+t2)g-27r»sitig-2^»52t2 

= +t2),9(s;,ti)/i(4,t2)G;,(Q + iii +«t2)e"2"-'^*^e~27r«.i(ti+t2)g-2^,(.i+ti)(.;+4) 
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where we used the reflection properties p.lOp of the Gb function: 
Gi{-is)Gb{-it) GbiQ + is + zt)e2"''* 



(5.24) 



Gbi-is-it) GbiQ + is)GbiQ + It) 
Now shifting ti f-)- ii — t2, s'l s'l ^ obtain 

= ,f{si,h)g{s[ -S'^M- <2)/l(4, t2)Gb{Q + jfi)e-2-4t2g-2.i.ltlg-2W,(si+ti-t.) 

= f{sM9{s[^s'^M-t2)Hs'2M)Gb{Q + ^tl)e'^'^'''-''^^^^^ 

Hence we see that the expression is equal on renaming S\ = s,ti = t, s[ = s" , §2 = s' 
and t2 = t'. □ 

5.3 The GNS Description 

Given our multiplicative unitary 

W = e^^°>^^^''^^°<'^gb{B (g> qBA-^) e M{A(8>B{H)), (5.25) 

the space A C B{H) is originally defined to be 

A^{{oj®l)W:ue closure (5 26) 

In order to find A, we need the formula for the ^ map ([5D] (8.4)) and the A map ( |20j 
(8.2)): 

Definition 5.8. For lo e A*,x e A, 

i-.A* ^Hl 

u;{x*) = {a^),A{x))L (5.27) 

and 

X:A*^A 

A(w) = (w ® 1)M^ (5.28) 

Then the GNS map A is given by 

A-.A^Hl 

A{\{lj)) = ^{uj) (5.29) 
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Proposition 5.9. A is the identity map from A* to A. 

Proof. Using the second form (|4.53p for W, and the integral form (|3.28p for g^, we get 

\Jm+,o GbiQ + ir) J 

By the pairing (|5.20p we have 

X{u) = (^jjf{s,t)&^'''A'^''''dsdt®\^{W) 

hs.ty^^^j^^——G,{Q + it)e-^-'''B''' 'A^^^^'^^dsdt 

^b{W + It) 

f{s,t)B''''''A'''''-'dsdt 



□ 

Proposition 5.10. The map : A* C H — > H is given by: 

^ : f{s, t) ^ F{s, t) [ /(s', iQ - t)Gb{-it)e^''''' ^'+'-''^Us' (5.30) 
and the inverse is given by 



: Fis, t) ^ /(s, t) := / ^_^-5^e-^- ^ds' (5.31) 
Jr Gb(Q + it) 

Proof Let w = // f{s,t)B'''''*A'''''''dsdt,x = JJ g{s,t)A''''''B'''''*dsdt. Then 
u{x*) = (e(c.),A(x))i 

LHS = Iff g{-s, -t)e2"''*i^(.s', t)Gb{Q + it)e-^''"'''-^''''''-'^''"''ds'dsdt 
g{-s, -t)F{s', t)Gb{Q + it)e^'^''"''-'^'''''*ds'dsdt 



RHS = 1 1 g(srt + Y)^H{s,t+'-^)dsdt 

g{s,t-'-^nuj){s,t+'-^)dsdt 

g{-s, -t)£_{uj){-s, -t + iQ)dsdt 
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Hence 

t) = I F{s', iQ - t)GbiQ + i{iQ - t))e2--'--2-«' 



The inverse can be found by realizing ^ as a series of composition of shifting operator 
in t, multipHcation operator and Fourier transform in s. □ 

Proposition 5.11. ^ is an isometry ^ : H — 5- H. 

Proof. We have 



g{s", iQ-{t+ '-^))Gb{-iit + 'R))e2.^s"(s+{t+'-^)-^Q) 



g[s^ t + !^)/(.s, t + !^)e-2--(-*+^)e2--(-*-¥)dsdi 



9{s,t+'^)f{s,t+'^)e'-Q-^dsdt 



9{s,t+'^)f{s,t+'^)e'-Q^dsdt 
= {L9)l 

Hence we conclude 

Corollary 5.12. A.{uj) := ^(w) gives the GNS representation for A as desired. 
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□ 



5.4 The Multiplicative Unitary and Modular Maps 

Under the transformation ^, we can now express all the operators defined earlier on 
n ton. We have 

Proposition 5.13. The action n : A — > H is given by 

7r(i) = e-^'''" (5.32) 
7r(S) = Gbi-it) o e^''''^P'~P''^ o Gbi-it)-^ (5.33) 

Hence in particular W is indeed a genuine element in M{A® A). 

We also note that by general theory, the multiplicative unitary for A is given by 

W = Siy*!] (5.34) 

where S is the permutation operator on the tensor product. The coproduct induces 
by W is precisely the one we defined earlier, that A and B transformed as how A and 
B do. 

Proposition 5.14. The modular maps acts on H by: 

f{f) = Jis + t-iQ,~t)e-'"^*e-'''*' (5.35) 
T*{f) = 7is + t,~t)e-'"^*e-'''*' (5.36) 
V(/) - f{s + tQ,t) (5.37) 

J{f) = 7(s + t-^,~t)e-'?*e--^*' (5.38) 

From these actions, we can verify all the well known properties between these 
maps on n (see [201 Prop 2.1, 2.11,2.12): 

Proposition 5.15. For x Cz A,y (z A, we have the properties: 



JAr(x) 




(5.39) 






(5.40) 


f*A{x) 




(5.41) 


JJ 




(5.42) 


R{x) 


= Jx*J 


(5.43) 




= JyJ 


(5.44) 



Furthermore, if we define on % the operator G ( \1 9f Prop 3.22): 

GA{{hR <E> l){A{x*){y <g> 1))) = A{{hR <E> l)(A(y*)(x <E) 1))) (5.45) 
and its polar decomposition G = IN^^^ , then we have T* = G, J = I and V = N^^ . 
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6 Transformation to New Hilbert Spaces 



To prepare for the construction of the quantum double, we found it useful to introduce 
a transformation of the Hilbert space H as well as so that the action of A and A 
acts as the canonical Weyl algebra. Furthermore, this transformation will bring the 
inner product to the canonical form for L^(M). 



6.1 Unitary Transformations 

In this section, we list the transformations that will be used. They are all unitary 
transformations on L^(]R x M) equipped with the standard Lebesgue measure. For an 
operator P, its action under any transformation T is given by 

P^ToPoT^^ (6.1) 

Proposition 6.1. The following lists the transformations and their effects on the 
multiplication and differential operator s and ps . 

f{s,t)^: 



f{-s,t) 


s — 


-S, Ps 


> -Ps 


fis-t) 


t — 


-> -t, Pt > 


-Pt 




s ^ 


t, Ps < > 


Pt 


/(,s,t)e±2--* 


Ps - 


Ps T t, Pt 


— >PtTs 




Ps - 


-^PsTs 






Pt - 


-^PtTt 




f{s±t,t) 


s — 


S±t, Pt - 


->PtTPs 


fis,t±s) 


t — 


-> f ± S, Ps - 


-^PsTPt 




X — 


-Px, Px - 


— >■ X 



.fir)e' 



Px 



Px 



(6.2) 
(6.3) 
(6.4) 
(6.5) 
(6.6) 
(6.7) 
(6.8) 
(6.9) 

(6.10) 
(6.11) 



where J- is the Fourier Transform with 

= -Id 

All the transformation above preserves the dense subspace W^W (cf. (|2.40l) J. 
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6.2 The Representation Space 

We introduce the transformation such that A acts on T-l canonically, and A acts on 
H canonically. We will use capital letter to denote the transformed function. All the 
new Hilbert spaces are L^(M x K). 

Definition 6.2. We define T : H — > Hrep by 

T : /(s, t)^ [ fia, t-s+ ^)e2-"^da (6.12) 

T-^:F{s,t)^ [ F{a,t + a-^-^)e-^'''"'da (6.13) 

or simply T = {t ^ t - s) o o (i t + ^). 
Similarly we define T '■ % — > Hrep by 

f : /(s, t)^ J f{a, t^s + !^)e-2""*e"^"da (6.14) 

f-^ : F(s, t)^ J F{a, t + a~ !^)e2"''("+*)da (6.15) 
or simply f = {t ^ t - s) o Ts o {t ^ t + ^) o e-2"st_ 

Proposition 6.3. Under the transformation, both the spaces Hrep o,nd Hrep carry 
the usual inner product with respect to the standard Lebesgue measure: 

{F{s,t),G{s,t)) ^ I I G{s,t)F{s,t)dsdt (6.16) 
Jr Jr 

Proposition 6.4. Under the transformation, the action of A on Hrep *s given by 

A = e^'"'", B = e^""^^^ (6.17) 

and the action of A on Hrep is given by 

A = e-^'''", B = e^'^'^P' (6.18) 

Proof. Let us demonstrate the use of transformation rule for say, the operator B. 
The rest are similar. Recall that B acts on H as e2ir6sg-27rfcpt ^ Hence under the 
tranformation it becomes 

g27r6Sg-27rhpt ^2Trbs ^-2nbpt 

^ ^27.bp,^-2^bpt 



2TTbp, 



□ 
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As a corollary, we have 
Corollary 6.5. As a representation for A we have 

H:^mrr®L^iR) (6.19) 
where "Hirr is the canonical irreducible representation (|1.2p of A on L'^ (R) . 

Let us also note that 

Proposition 6.6. The product of two elements in A induces a twisted product on % 
by 

F-G^T{T-\F)-T-\G))^ ( F{s,T)G{T,t)dT (6.20) 

We can do the same analysis to the dual space: 
Proposition 6.7. Under the transformation, the action of A on Hrep is given by 

i = e2"''(P=+P'), B = G6(^+is-zt)oe2"^(P'+")oGb(^+is-zi)"' (6.21) 

and the action of A on "Hrep is given by 

A = e^^Kp.+Pt)^ 5 ^ Gb{'^ - zs + it)'^ o e2'^''(P'-^) o Gi,{^ - is + it) (6.22) 

Remark 6.8. Note that the action of A on % is obtained by the ^ transformation. 
Moreover, recall that Gb{% + is) is unitary, hence the action above is still positive. 

Finally we will need to describe the action of the modular conjugation J and J 
that are crucial in the construction of the multiplicative unitary for the quantum 
double. 

Proposition 6.9. The action of J and J on Hrep is given by 

J : F{s,t) ^F{t,s) (6.23) 

J : F{s, t) ^ F{~s, -t)e'"'''^ (6.24) 



Similarly, the action of J on Jirep is also given by 

J : F{s,t) <^ F{t,s) (6.25) 
while the action of J on T-Lrep is given by 

J : F{s, t) h-> F(-s, -t)e"*'-"^^'i/-''/8 (6.26) 
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Proposition 6.10. The action of AdJ on A is given by: 

Jix)J = R^x*) (6.27) 
where i?» is an anti-homomorphism given by 

(A) ^A,, R^ {B) = B, (6.28) 

where 

A^^e^''^^ B.^e-^'^^P' (6.29) 
The action of AdJ on A is given by: 

Jiy)J^R4y*) (6.30) 
where i?* is an anti-homomorphism given by 

R, (i) = A,, R, {B) = B, (6.31) 

where 

A, = e-^'^^*, B, e-^'^^P' (6.32) 

Corollary 6.11. J o A o J commute with A as operators on Jirep, o.nd similarly 
J o Ao J commute with A, as operators on Jirep, which verifies Thm \2.11\ 



6.3 The Corepresentation Space 

Recall that W satisfies the pentagon equation and the eoaction axiom ()2.35p . In a 
more familiar form we see that W' = W21 := SVFE £ M(A® A) satisfies 

{1(^A)W' = Wi^Wis (6.33) 

Hence if we treat W as an element in M{B{H)(E)A) instead, we obtain the left regular 
corepresentation 

n-.H n® M{A) 

f ^ W'{f®l) (6.34) 

which satisfies 

(1® A)on = (n® i)on. (6.35) 

This corepresentation picture is useful when we study the corepresentation of the 
quantum double. Therefore we introduce the transformation from % to "Hcorep so that 
A will act canonically. Similarly, by considering W , we also describe the transforma- 
tion so that A acts canonically on 7i. 
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Definition 6.12. We define the transformation Tco ■ T~i — ^ 'Hcorep by 

Tco:f{s,t) ^ f{-s,s-t+'-^)Gb{^^is + tt)-^ (6.36) 

r~':f{s,t) ^ f{-s,-t-s+'-^)Gti-it) (6.37) 
Similarly, we define the transformation Tco ■ T~i — > T~icorep by 

fco:f{s,t) ^ /(_,s,,s-t + !|)Gfc(| + zs-zt)e^"^(^-*+^) (6.38) 

t;i:/(s,i) ^ /(_s,-t-.s + ^)e2--*G,(g + zt)-i (6.39) 

Proposition 6.13. Under the transformation Tco, the action of A on Hcorep is given 
by 

Under the transformation Tco, the action of A on 'Hcorep is given by 

A = e2'^''^ B = e^'^'^P' (6.41) 

Furthermore, the I? measure on Hcorep o,nd Hcorep becomes the standard Lebesgue 
measure. 

Proof. It suffices to see that the transformations can be written as 

iO 

Tco^{t^t~ s)o (-S, _t) o (i n- f + o Gb{~ity^ (6.42) 



fco^it^t^s)o (-S, ^t)o{t^t+-^)o Gb{Q + it)e-^''"'' (6.43) 

followed by applying the transformation rules. □ 

This choice allows us to reproduce the representation from the pairing between A 
and A given by the corepresentation associated to the multiplicative unitary. 

Proposition 6.14. The left regular corepresentation associated to W' on A is given 
by 

^(■^'*)^/ r^"^l''W "'^A^''"''dr (6.44) 

jR+iO Gb(Q + IT) 
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Remark 6.15. Note that the left regular corepresentation is related to the left "fun- 
damental" representation 



f{s)x''''^-^+''''>ds^ (^j f{s){xA + B)'' 5-5 



(6.45) 



m ^ / /(. + (6.46) 

2 ^ ^ *s) 

Ghi^+is + ir) .,-1 .,-1 

/s + r ^ B''' 'dr 

' GbiQ + iT)Gbi^ + is) 

by multiplication by Gb{^ + is)^^ . Here S ~ A^^ is the modular element. 

Proposition 6.16. Under the pairing (1 (E) A*, W'{f (E) 1)), the left regular represen- 
tation of the quantum plane algebra Bq = A*^ is given by the canonical action 

X = e2'^''^ Y ^ e^''^^J'^+'^ (6.47) 
Similarly we can define the action of its modular double counterpart 

so that it extends to a representation of the modular double Bqq. Under a unitary 

■ 2 

transform by multiplication by e'^*" on Hcorep, the action becomes the canonical action 

of Bqq. 

Proof. It follows directly from ProD l5.9l sincc A is the identity map, hence the elements 
of A are sent to the corresponding actions. Now the formula follows from the definition 

Similarly the corepresentation associated to W' is given by 

f{s)^ f f{s-^T)Gb{-iT)B''"^A'''"'dT (6.49) 



For completeness, by composing Tco with T ^, we obtain the transformation S : 



^rep ^ '^corep 



Proposition 6.17. The transformation S : T-Lrep — ^ T~Lcorep is given by 

S:f{s,t) ^ [ f{a- s,a-t)Gbi^ -is + ity^e^'^'^^-'^'da (6-50) 
Js. 2 

S-^:f{s,t) ^ I f{a~ s,a-'t)Gb{% +is-it)e''^'''^°'-'^'da (6.51) 
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Similarly we define the corresponding transformation for A using S : Tirep — ^ 
by 

S:f{s,t) <^ [ f{a~ s,a~t)Gb{^ +is-it)e-'^'''^°'-'^'da (6.52) 

S-^ ■ f{s,t) K> f f(a- s,a-t)Gbi^ -is + it)-^e^'''^°'-''^'da (6.53) 

7 The Quantum Double Construction 
7.1 Definitions 

In this section we will describe the quantum double group construction given by 
[22] (see also [2H]) associated with the quantum plane, and show that the object we 
obtain is exactly the "quantum semigroup" GL+(2,IR), also called the split quantum 
Minkowski spacetime, which is a generalization of the compact Minkowski spacetime 
introduced in [71 [S] ■ 

Definition 7.1. We define the split quantum Minkowski Spacetime A^ + (M) as the 
Hopf *-algehra generated by positive self adjoint operators Zij,i,j S {1,2} such that 
the following relations hold: 



211,2:12] 


= 


221,222] 


= 


211,222] 


= [212,221] 


211221 


= g^22l2ll 


212222 


= 9^222212 


212221 


= g^22l2i2 



and the coproduct is given by 

A(zii) = zii (8) zii + 012 ® 221 (7.1) 

A(zi2) = 211 (8) Z12 + 212 ® 222 (7.2) 

A(z2i) = Z21 (g) 211 + 222 <8) 221 (7.3) 

A(z22) = 221 ® 212 + 222 ® 222 (7.4) 
It can also be realized as GL^{2,K) in matrix form: 



211 212 
221 222 



(7.5) 
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so that the coproduct is simply given by 

VV ^21 ^22 / / V ^21 Z22 J \ Z21 ^22/ 

The quantum determinant is the positive self adjoint operator defined by 

N = Z11Z22 - Z12Z21 = 222^11 - 2:21^12 (7.7) 

and we have 

Nzii = ziiN, Nzi2 = q~'^zi2N, Nz2i = q^Z2iN, NZ22 = Z22iV (7.8) 
Proposition 7.2. There is a projection map V : GL+(2,R) — > S'L+(2,M) given by 



f Zll 


Z\2 




' a h\ 








c d 




V Z21 


Z2I , 







q^/^N-^/^Z2i N-^/^Z22 ) 



where a,b,c,d satisfies the usual relation for SLq{2,M.): 

ab = qba, ac ~ qca, ad = qda, bd = qdb, cd = qdc 

be = cb, ad — qbc ^ da — q^^cb = 1 (7.10) 
Proposition 7.3. There is a Gauss decomposition for GL^ {2, given by 



Zll ^12 \ M 0\( I B A AB 

Z21 Z22 J \ B 1 J [ A J [ B BB + A 



(7.11) 



where A,B,A,B are positive operators, with AB — q^BA and AB — q ^BA. Fur- 
thermore we have N = A A. 

Now we will describe the quantum double group construction, and show that the 
result is precisely GL+(2,R) together with the above Gauss decomposition. 

Definition 7.4. The quantum double group VIA) is the Hopf algebra where as an 
algebra "D^A) ~ ^ (g) A*°^ = A ® A with the usual tensor product algebra structure, 
and with coproduct given by 

A^{x (g) = (1 crm ® l)(A(a;) ® A(.t)) (7.12) 

where a is the permutation of the tensor product, and m : M{A ® A) — > M{A ® A) 
is called the matching, defined by 

m{x(^x) = W{x(E)x)W* (7.13) 
with W Cz M{A® A) the multiplicative unitary defined in (|4.52p . 
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Hence a general element in X>(^) can be written as 



or simply /(si, ti)g(s2, t2)- 



Proposition 7.5. \27\ Thm 4--1] is coassociative, so it indeed defines a coproduct 
on V{A). 

Proposition 7.6. 127\ Thm 4.2]The Haar functional h on ^{A) defined by 

h^hL®hR (7.15) 

is both left and right invariant: 

{h®l® l)Am(a; ® x) = h{x (g) x){l (g) 1) (7.16) 

(1 (g) 1 (g) h)Ajnix g) x) = h{x g) x){l (g 1) (7.17) 

In particular, the GNS representation ofD^A) is given by Am A g) An onH <^'H. 

Proof. Although the theorem in \27\ applies only to compact quantum groups, the 
calculations using the graphical method there can be adapted in this setting without 
any changes, since it only depends on the invariances for h^^hn and the relations 
between the matching m and the coproducts of A and A. □ 

Remark 7.7. The Haar functional on a general element /(si, ti)g(s2, ^2) &'H®'H 
is thus given by 

Kf ®g)^ /(O, iQ)g{-iQ, iQ)er-''^\ (7.18) 
// we parametrize the element instead as 

f®g:^ JJ JJ f{si,ti)g{s2,t2)A'''"''B'''"''X'''"'-Y'''"'-^dsidtids2dt2 (7.19) 

where X = A^^ , Y ~ qBA^^ , then it takes a more symmetric form 

h{f®g)^f{Q,iQ)g[0,iQ), (7.20) 

which means it only depends on the element BY . According to the Gauss decomposi- 
tion, this is precisely 

B{qBA-^) = qBBAA'^A-^ = 9^21^12^^"^ (7.21) 

which corresponds under the projection to 5X^(2, M) the hyperbolic element C, :— he 
that is crucial in the study of the SUq{2) and SUq{l, 1) case in \22\ \23 }j . 
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Theorem 7.8. We have the isomorphism 

V{A) ^GL+{2,R) (7.22) 

as Hopf algebra. 

Proof. By the Gauss decomposition, as algebra they are isomorphic. Explicitly the 
inverse is given by 



A 


= Zll 


B 


= Z21 


B 


= Z12Z11 


A 





We have to show that the coproduct is the same. The following calculations are very 
similar to the one given in 

Lemma 7.9. We have the following commutation relations between W and ^[A): 

WiA(^l)W* = A®l + B®B 
W{A®A)W* = A® A 
W{A®i3)W* = I® 13 

W{B®l)W* = B®A 

W*{1®A)W = 1®A + B®B 



Proof. These follows from the summation properties p.2ip . p.22p for g^, as well as 
the commutation relation (j2.45p . ()2.46p for the exponential. □ 

Now we proceed to the calculation of the coproduct. 
A(zii) = A{A®1) 

= A®<7m{A®l)®l 

= {A®1) ® {A®1) + {A® B) ® {B ®1) 

= Zll ® Zll + Z12 ® Z21 



A(zi2) = A{A®B) 

= A®am{A®l)®B + A®(jm{A®B)®A 

= A®1® A® B + A® B ® B ® B + A® B ®1® A 

= {A®1)®{A®B) + {A®B)®{B®B + 1®A) 

= Zll <8) Z12 + Z12 ® Z22 
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A(z2i) = A{B<»1) 

= B ® am{A®l) ®l + I® am{B ®l) ®l 

= B i^l® A®1 + B ® B ® B + A® B ®l 

= {B®l)®{A®l) + {B®B + l(®A)®{B®l) 

= Z21 ® zii + Z22 (8) Z21 



A(z22) = A{B (g) B + 1(g) A) 

= B(g} (Tm{A (g) 1) (g) B + 1 (g) am(B g)l)g) B + B® am{A g) B)g)A + 
1 g) am{B g)B + l®A)®A 



Since W*{1 g) A)W ^ Ig) A + B g) B, wc have 

am{B g)B + lg)A) = A®l. 

Hence 

A(z22) = Bg)l®A®B + B®B®B®B + lg)A®B®B + 
B®B®l®A+l®A®\®A 
= [B g) I) g) [Ag) 13) + {B gi 13 + I gi A) gi [B gi ]3 + I gi A) 

= Z21 ® Z\2 + Z22 g) Z22 



Finally, let us also derive the coproduct for the determinant N: 

A{N) = A{Ag)A) 

= A I® am{A I® A) ® A 
= Ag) Ag) Ag) A 
= N®N 

□ 

7.2 The Matrix Coefficients and the Fundamental Corepresen- 
tation 

Recall that for S'L+(2,R) C SL{2,M.) the positive semigroup, the class of principal 
series representation can be expressed by considering the actions on homogeneous 
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monomials (see e.g. [37]): 

t'^A9)^'-'''v'^'''dv (7.23) 

where /i £ M, A e — i +iM so that the representation is unitary. In terms of coordinates, 
the representation acts on i^(R) by 

/ tl,{g)f{>^)di^ (7.24) 
Jm 

Motivated by this we define the fundamental corepresentation for ^{A) — GL+(2, R 

Definition 7.10. The fundamental corepresentation o/GL+(2,R) oni^(R) is defined 
by 

: f{s) ^ [ Tl^{z)f{a)da (7.25) 
where T^^{z) is formally defined by 

(7.26) 

with I — ^ + iA, a, A G R and N ~ Z11Z22 — 212-221 ~ AA. We note that 

[xzii+yz2i,xzi2 + yz22]=0 (7.27) 

by the commutation relation, hence it indeed preserves the monomial space. 

More generally, we can introduce arbitrary character of the determinant, and will 
consider the corepresentation T^'^ defined by 

T^'^{z) := 7V'''"'(t->)/2TA^(2)7v»fc-Ht-A)/2 (7 28) 

Remark 7.11. The term N'^ is to make the corepresentation unitary. As seen from 
below, it is coming from the modular element S~ 2 in the fundamental corepresentation 
(|6.45p of the quantum plane. The factor chosen for N is for later convenience when 
we obtain the fundamental representation. 

Remark 7.12. Using Mellin transform, we can also write T^^{z) as 

TU^) = ^ + ^2ir'^'-'"^HxZ,2 + Z22)''"('+'")x''-^(-'+-)^) iV* 

(7.29) 

This can be seen as the generalization of the matrix coefficient in the compact case, 
see e.g. UOf . 
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Proposition 7.13. The matrix coefficient is given explicitly by 



^j6-i(t-s)^jh ^[s+T)Qib I(a+T)^j6 \t-r)^^ 

(7.30) 

Gb{—iT — ia)Gb{^ + ir — iX) Gb{—iT — is)Gb{^ + is ~ i\) 
+iQ Gbi^-ia-iX) Gb{%~iT-i\) 

^■Ki{t-X){s+a+2T} ^7,Q{s+t) ^ib-^ {t-s) j^ib~\s+T) ^ib-^a+T) ^ib-\t-T) 

(7.31) 



where I = —^+iX and 



^ ^ ^ = '~^''q^"1^-p)^'^ q-binomial coefficient ( cf. Lem 



b 

Hence under some changes of variables, the corepresentation 

fis) / T^^:liz)f{a)da 
Jr 

is given by 



fis) ^ / f{s + a^T) 



Gb{~ia) Gb{% - is + i\ + iT)Gb{% -is-iX + ir) 
7r+jo ' " ' ^ GbiQ + ir) Gb{^ - is + iX)Gb{^ - is - iX - ia + ir) 

^TTi\{T-a) ^-2TTiTS ^TTit{T+a} j^ib^^ {t~s) j^ib^^ T j^ib^'- a ^ib^^ {t+s-r) ^^^^ 

(7.32) 

Proof. We can make use of the Gauss decomposition (Prop 17. 3p and obtain 

TsU^) = J tl,{A)i^JA)dr (7.33) 

wiiere the matrix coefficients corresponds to the fundamental representation of the 
quantum plane (|6.45p : 



tic. ■■ I f{s)x''-'^'-h'~'^''"'^ds 

f{s){xA + yBf''^^-"''>y''''^^+"'Us^ 
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Hence renaming s < — > a, we see that the matrix coefficient is given by 

tl^{A) = Is^^^ia ) e^'5''""^A'^"'(^-^'B'^"'("-") (7.34) 
A similar analysis using 

shows that t'^^^iA) is given by 

= ( _1+Ta ^3'^"-'^"-^!^''-'^^^'^ (7.35) 
Hence using ()7.33p with the contour of t separating the poles of Gb( - ± it), we obtain 



I + ia \ ( I — IT 



I + ia \ j I + ir 



NO y iT + ia J \ is + iT y 1^ 



^■nQ[s+T) j^ib \\-s)-Qib \s+T}j^ib ^{a+T)^ib '(A-r)^^ 



Finally, for T^^'^iz), by commuting A and A of N^'' = {AAy'' to the 

corresponding sides, we pick up the factor e'rj(t-A)(s+Q+2T) ^ obtain the desired 
formula. □ 

Corollary 7.14. The matrix coefficient T^^{z) can also he expressed in closed form 
as 

T^Jz) = ^b-\l-^s)■^b-\l+^s)^b-\l+^c.) ^ ^2l^^^\^ Ft{-1 - ts, -I - la, -21; -C')N^ 

(7.36) 

where I = + iX, C — qBBA^^ is the hyperbolic element defined in (|7.2ip . 

Fb{a,P,T,z) ■= ^ fi'\,, I (-.)-^--e-- ^^(" + -y;(^ + y^^^-'-^ ^r 
Gb{a)Ub[p) Jc (^b[l + iT) 

(7.37) 

is the b-Hypergeometric function (slightly modified from \26'f ). which is the quantum 
analogue of the classical 2Fi(a,b,c; z). Hence (j7.36p is exactly the quantum analogue 
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of the classical formula for SL^ (2, M.) given in 13T\ VII. 4-H4-)]' where the hyperbolic 



element is C — sinh 9 



I _ 1 ,;-n^ pi+rn pl+n ^ m)T{-l + m) 1 N 

mn rt on 2l'i[-l - m,-l - n,-2l,~ ■ , 2 J 

Zm i (— z(j smh W 

(7.38) 



where A, B, B is the corresponding variables in the Gauss decomposition for ^^^(R). 
7.3 The Multiplicative Unitary 

Given two locally compact quantum group (Afi, Ai) and (Af2, A2), with a matching 
m : Ml (g) M2 — > Ml ® M2, the multiplicative unitary for the double crossed product 
is first constructed in The quantum double group construction is a special case 
given by (Mi, Ai) = (A, A°p) and (M2, A2) = {A, A), while the matching m is given 
by m{x) = W{x)W* as before [13]. Let us restrict to the quantum plane case and 
describe the main ingredients needed. 

Proposition 7.15. The multilicative unitary operator is defined by 

Wm = M^13^34W^24^34 G BiU ®'H®'H®'H) (7.39) 

where Z G B{'H ® %) is given by 

Z = W{JiJi ® J2J2)W*{JiJi ® J2J2) = W{JJ ® JJ)W*{JJ ® JJ) (7.40) 

and W = T,W*i: = W^^. 

The coproduct is given by 

A,n ^{L®<7m® l){A°/ (g) A2) = (t (g crm (g) t)(A (g A) (7.41) 

where m{z) = ZzZ* , and 

A™(z) = W:„(l®z)W„ (7.42) 

for z e V[A). 

The matching m satisfies 

(A°Pg)l)m==m23mi3(A°Pg)l) (7.43) 

(1 g) A)m = mi3mi2(l g) A) (7.44) 

First of all we note the difference in the definition of the matching m. In fact they 
are the same. 
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Proposition 7.16. We actually have 

m{x) = ZxZ* = WxW* 



(7.45) 



for X £ A ® A. In particular from the pentagon equation of W and W = W21, the 
matching satisfies the property (|7.43p and (|7.44p . 

Proof. Expanding, it is equivalent to 

WiJ (g) J)WiJ (g) J)xiJ (g J)W*{J (g) J)W* = WxW* 

or 

(J (g J)W{J (g J)x = x{J ® J)W{J ® J) 

that is, (J g) j)M^( J (g J) commute with every x <E A® A <Z BCH g) H) as operators. 
However, since W G A (E) A, from Cor l6.111 it is clear that 

{J(E)J)W{J(E)J) = 5fc*((?BU;'(gS,)ei^'°sA.®iogA. 

commutes with every x A<S) A. □ 

For completeness, let us also reprove the coproduct formula. 
Proof. Recall 

A(a;) = W*{l(E)x)W 
A{y) = W*{1<E) y)W = W2i(l <E) y)w;. 

Hence 

W:„(1®Z)W„ = ^34W'42^34VFi*3(l®z)VKi3Z3*4W^4*2^34 
= Z*4W42^34(A (g t)(^)l34^34^4*2^34 
= ^3*4W^42(t <g ™)((A (g i)(^)) 134 1^4*2^34 
= 2'34((t (g i (g A)(t (g m)(A (g t)(2:))l324^34 
= ^34(to24™23('' (g t (g A)(A (g t)(z))i324^34 
= Z*4(Z24m23(t (g t (g A)(A (g 0(^)^24)l3242'34 
= Z;;4Z34m32(tg)tg) A)(Ag)t)(z)Z;;4Z34 

= ((Tm)23(i<g t<g A)(A (g i)(2;) 
- A™(z) 

□ 
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It is proved in [5] for general matching m that Wm is a multiphcative unitary. 
Here we preset a direct proof using the fact that m is given by the muhiphcative 
unitary W. 

Theorem 7.17. Wm is a multiplicative unitary, i.e. it satisfies 

W^3456 ^^1234 = W'1234 W^1256 W3456 

Proof. It suffices to check that 

W3456Z34M^24-^34W345g = ^34.^56^^24 W26 -^34 ^56 

and 

W3456M^13W;45e = W35 1^13^*5 = ^^13^^15 

The second equation follows directly from the definition and the pentagon equation 
for W. 

Let us write Z = VV where V G B{n®n) and V = {J ® J)V{J ® J) is the copy 
of W based on different spaces. Note that V, V' commute. Also V commute with 
entries uyA®A<Z B{n «) H). 

From the pentagon equation for W, but with its legs sitting on different spaces, 
we have the relations (cf. Cor l2.20|) : 

1/23VK12 = ^^12^13^23 €B{n®n®n) (7.46) 
1/13VF23 = W27iVi:iVi2 e Bin^n^n) (7.47) 

Recall also the conjugation properties: 

{ J J)W{J ® J) = W* (7.48) 

(J ® J)W{J (E) J) = W* (7.49) 
Then wc derive the relations 

^56^^3*5 = {J5 ® J6)V56{J5 J6){J3 ® J5)W35{J3 J5) 

^ ( J3 «) J5 ® ^6)^^56^35 ( J3 ®J5®Je) 

= ( J3 ® J5 ® ^6)^^35^36 V56 ( J3 ® J5 ® Je) 

= W^siJi ® ^6)^^36(^3 ® ^6)(J5 ® ^6)V^i6(J5 ® ^e) 

= W;,{J3<E>Je)V3e{J3<i^J6Ke 
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W^eiJi ® JeWseiJa ® Je) ^ {Ja® hWiQiJi® J&){J3 ® J&)VzQ{J:i ® J&) 

= ( J3 ®Ji® ^6)^46^^36(^3 ®Ji®Je) 

= ( J3 ®J4® JeWaaWieV^iiJs ®J4® Je) 

= i-h ® JeWsfiiJs ® J&){Ji ® J&)WAe{Ji ® J(,){J:i ® Ji)V^4{J3 ® Ja) 

= (^3 ® JeWseiJs ® ^6)^^46^34 

Hence 

W^3456 -^34 ^24 ^34 W^3*456 
= ^^35^56^^46^56^34^^24^34^561^46^561^3*5 
= (1^35 V5;y5;'T^46^^34^34)^^24(V^34V^3'4W^4*6 ^56^56^^^^ 

Now the right hand bracket is 

^34V'34W^4*6l46K;6W^3*5 
= ^36M^4*6l4i6V^56K/6W^3*5F3'4 

= ^361^46 ^36 ■t^56W3*5(J3 ® J&)VM ® ^6)^56^34 
= ^361^4*6^^3*5^56(^3 ® ^6)^36(^3 ® ^6)1^56 1^34 
= 1^3*61^3*5 1^4*6(-^3 ® J&WM ® ./6)^56^34 

= vi^w;^{j3 ® .h)vM ® J^Wt^v^AZ^^vi^ 

= V3*e 1^3*5(73 ® Jq)VM ® JeWleZ^eZsA 

Combining, we see that the left most 3 terms will pass through 14^24 and cancel 
with the left hand inverses. Hence we obtain 

11^3456 ^34 W2AZ3A VF3*456 
= ^3*4^*6^46^^241^4*6^56^34 
= ^34.^56^241^26^56^34 

as desired. □ 

Note that W is actually a composition of 6 dilogarithm functions. We can simplify 
the expression to just 4 g^s by applying the pentagon equations. 
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Proposition 7.18. We can rewrite Wm as 

W = Wi3V:^!,W2iV*2 (7.50) 



V" := (J (E) J)V{J ®J) = e^ gl{B, B) (7.51) 



JR+iO 

Proof. 

Wm = M^13^34^24^34 

= V^13^34W^24F3*F3'4 
= W^13^34W^24F3'4F3* 

= Wi3iJ2 ® J3 ® i4)V"3*4W2*4V'34(J2 ® J3 <8) JaW^^ 

The formula for V" follows from the action of AdJ given in Prop 15 .151 on H and Prop 
EUnion-H. □ 

Sinee W„i is a unitary operator 0^%®%®%®%, for completeness let us describe 
its action. 

Proposition 7.19. The action ofW on Hrep ® Hrep is given by 



where 



W:F®G^ I Fis, + r, ti)G(s2 - s, - T,t2 - s,) ^ , ./^ ^. ' dr 

R+iO <-f6( 2 + *'*2 - it2 - lT)Gb[Q + IT) 



(7.52) 



e2--="Gb(f + is2 - it2)Gbi-iT) 



W* -.F^G^ I F{si + T, ti)G{s2 + siM + si+ t) ^ -dT 

HO Gbi^ + is2 - it2 - ir) 

(7.53) 



67 



The action of W on "H® "Hrep is given by 



JR+M 

-dr (7.54) 



Gbi^ - is2 + it2 + iT)Gb{~iT) 



Gbif - is2 + it2) 

W^^:F®G^ / F{si+T,t,)G{s2 + s,,t2 + .s^+T)-—^ . ' , ' . ' dr 

jR+iO Gb{^ - tS2 + it2)Gb{Q + iT) 

(7.55) 

The action of V on Hrep ® 'Hrep is given by 

V:F®G^ [ F{si+T,ti)G{s2+T,t2)^^^^^^^^dT (7.56) 
J Gb[Q + iT) 

V*:F®G^ y"i^(si+T,ti)G(s2+T,i2)e-'"*"^("^+")Gh(-ir)dT (7.57) 
and the action of V" on Hrep ^ Hrep is given by 

V":F(^G^f F{suti-T)G{s2 + T,t2)e^''''^'^e''"^Gb{-iT)dT (7.58) 

p 27riT{s2—ti) —2'iTitiS2 ^Trir^ 

V"*:F®G^ F{s^M-t)G{s2+tM) ^ , . , dr (7.59) 

Hence the action of Wm and are the compositions of the corresponding operators. 

Proof. The actions follow directly from the closed form expression (Prop HT5|) for W, 
using Cor 13.81 for the integral representations for g?,, as well as the action described in 
section 16.21 □ 



7.4 The Left Regular Corepresentation 

With the construction of the multiplicative unitary W^, we can talk about the corep- 
resentation induces by it. By the unitary transformation given in section [6.31 we can 
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choose the Hilbert space to be Hcorep ^ T~Lcorep so that the action can be nicely de- 
scribed. 

Recall that the left regular corepresentation is given by 

! ® g^yV[^{f ® g®l®l) (7.60) 

where } ®g & Ucorep ® Hcorep and W^^ = W„^34i2 € B{'Hcorep ® Ticorep) <E) A (E) A. 

Here we realize A® A as operators in the 3rd and 4th components. 
Theorem 7.20. The corepresentation is given by 

.f{si,ti)g{s2,t2) 
= / / f{si-a + T,ti~a)g{s2 + (T,t2) 

JR+iO JR JC 

Gb{^i(j)Gb{—ia + ii7)Gb{^ + isi — iti + iT)Gb{^ + isi — is2 — ia + it) 
Gb{Q + iT)Gb{^ + isi — iti — ia + ia + iT)Gb{% + isi — is2 — ia + ir) 



where the contour C of a goes above (7 = and below a ~ a. 
Proof. Since we have used a permutation, now reads 

= W,„,3412 = W3iVliWi2V{^ (7.61) 

On the space Ucorep ^ Ucorep, the coaction of the components of W„i is given by: 

W3i:fisi,ti)gis2,t2) ^ / fisi+T,t,)g{s2,t2) ^]^^. . A^'^'B^'-'-cIt 

JM+io Gb(Q + iT) 

W42- f{si,ti)g{s2,t2) ^ I f{si,ti)g{s2 + a,t2)Gb{-t<y)&''"''A'''"''da 

JR+iO 

The action for V and V" are harder to describe since it involves formally A*'' p. 
Therefore we use S (cf Prop l6.l7|) to sent the 1st component back to Hrep and obtain 
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their actions. 



^ S-(f B'''''-' (E)B'''^'^A-'''''^Gb{-iT)dT] e-^ 

KJR+iO ) 

/(a - Si, a - <i)g(.S2, t2)G,(| - it^ + isOe-^^^^^^-^-^^^^da 
S ■ \ [ /(" - si - T, a - ti)g{s2,t2)Gbi^ - iti + isi + iT)Gb{-iT) ■ 

JM+iO Js. ^ 

f{a- 13 + si -T,a- [3 + ti)g{s2,t2) ^ : 

Gb{^+iti - isi) 

shifting a 1-^ a + 13 + T, 13 1-^ 13 + Si: 



/(si +a,ti +a + T)g{s2,t2) — ^ 



Gb(§ + iti - isi + iT)Gb{-iT) 



Gb{f + ih - isi) 



and finally for V": 

SVi'^S-^ : f ® g 

log A,i»logi"i / mb^^r ^ -nib- 



f{a-si,a- h)g{s2, t2)Gb{^ - + isi)e~^^'^''-''>' da 
S ■ [ [ f{a - sia -ti+ T)g{s2,t2)Gbi^ - iti + isi + it) 

[ f( RO. R^, ^ \ ( ^ ^ Gb{^+lh-lSl+lT)Gbi-lT) 

. / f(a- P + si,a~ P + ti+T)g{s2,t2) — ^ — 

/R+iOJR Gb(^ + ill — ISij 

^-2iTi{a^P+si){P-si)^7riT^^27ri{l3-si)si^2niT{ti~t3)j^ib-^T^ib-^{ti-l3)^^^^^^ 
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shifting a 1-^ a + /3 , /3 1-^ ti — /3: 

, Gb(§+zti-»5i+ir)GbHT) 

/ si +a,ti+a + r g(s2, ^2 — n 

: Gb{^ + tti - isi) 

Combining, we have 

i-^y. / / / dadTdl3f{si + a,ti + a + T),g(s2, ^2) • 

Gb{% + - isi + ^r)G'fc(-^r) ^_2^»(a/3+ar+.ir) ^^fc-V^^fc-i/s 
Gb{% + iti ~ isi) 



dadTdl3d(jf{si + a, ti + a + T)g{s2 + cr, ^2) 

R+ie„ 

The integral for /3 and cr are independent, hence we can interchange them. Fur- 
thermore from the decay properties for f ® g and the asymptotic properties for 
Gb{—iT)Gb{—i<j), the integral for a,T and a is absolutely convergent, hence we inter- 
change the order so that da goes to the inner most layer. 



^^v" / / / / / / / dadadrdpda' dr' dp' 
/(si + a + a' ,ti + a + a' + T + T')g{s2 + cr, ^2) 

Gb{% + ih - isi +iT + iT')Gb{-iT)Gb{-icr) Gfc(§ + ih - isi + iT')Gb{-iT') 



Gbi^ + ih - isi + ir') Gbi§ + ih - isi) 

r+(si+Q:')r)g27rzs2r ^ 
^z6-^(o-+r+r')^*6"^(/3+/3'+S2) 
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shifting ai— — a',/31^/3 — /3',Ti-;-r — t': 

dadadrd/Sda' dr' dp' 



R+ic; JR JR -/R+ie^-ie; JR -/R+ie^ 

G6(§ + iti-isi+iT)G'b(iT'-iT)Gb(-io-)Gb(-iT') 

/(si + + a + T),g(s2 + cr,i2) —70 ^ — 

Gb[^ + zti - isi) 

g27ri/3'(Q+cr+T)g2iria'(^+si-ti)g27ri(Q+si-S2)(r'-r)-27riQ;3+7rir'^^i6"^((T+T)^ib"^(^i+S2) 



The integral over d/Sda' are just Fourier transforms, hence we can integrate over 
a' to get /3 = <i — si: 



dadadrdr df3 

R+ic^ v/R+ie^-ie^ JR JR+ie^ 



/(si + Q, ti + a + T),g(s2 + CT, ^2) 



G6(§ + i<i - isi + iT)Gb{iT' - iT)G;,(-icr)Gb(-iT') 



G6(f + iti -isi) 



Next from the decay properties for Gbiir' — iT)Gb{~iT') this is integrable over r'. 
By shifting ri-^-r — cr — awe see also that the integration over ct, t, a arc absolutely 
convergent, and furthermore integration over a, a does not depends on /?'. Hence we 
can interchange the order for drdr' and then dada to get 



[ f I dr'dTdP'dcrda 



Using the reflection properties, we bring Gfc(— ir') to the denominator. Notice that 
the contour goes above t' = and below r' = t, hence we can integrate t' using Lem 
[3l0l to get 
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drdp' dadaf{si + a, ti + a + r)g(s2 + (t, ^2) 

Gb{% + i^i — isi + iT)Gh{—i(j)Gb{—iT)Gb{% — ia + is2 — isi) 
Gb{% + iti — isi)Gb{^ — ia — iT + is2 — isi) 

g27ri/3'(c(+(T+r)g — 2ni(ct+si — S2)t — 27rra(ti —si] j^ib^^ (a+r) ^ib^'- (ti+S2—si ) 

drdp' dadaf{si — a,ti — a + t)(?(s2 + f, t2) 

^^(^ + isi - iti)Gb{~icr)Gb{~iT)Gb{% + isi - is2 - ia + it) 
Gb[% + isi — iti — iT)Gb{^ + isi — is2 — ia) 

g27ri/3' ((T+r-a) g27ri(ti -si ) (T-a) ^ib" ^ (o-+r)^ib"^(ti + S2-si) 



where we used the reflection properties again, and flipping a 1— >■ —a. Now we can 
integrate r and (3' by Fourier transform to get r = a — ct. However, this should be 
interpreted as a function of a over R, and then analytic continued to M + ie^, so that 
the contour for <t will be pushed under the pole for cr = a in Gb{—iT) Gbiic — ia). 
We get 

= J J d(Tdaf{si-a,ti~(T)g{s2+(T,t2) 

Gb{^ + isi — iti)Gb{—icr)Gb{i<J — ia)Gb{% + isi — is2 — icr) 
Gb{% + isi — iti ~ ia + ia)Gb{^ + isi — is2 — ia) 

g27ri(ti — si)cr^j6^^Q^j6^^ (ti+S2 — si ) 



Finally we apply W31 to get 

>-^W / / / dadadTf{si—a + T,ti—a)g{s2 + (T,t2) 

jR+ie^ Jr Jc 

Gb{~icr)Gb{—ia + ia)Gb{% + isi — iti + iT)Gb{% + isi — is2 — ia + ir) 
Gb{Q + iT)Gb{^ + isi — iti — ia + i<7 + iT)Gb{^ + isi — is2 — ia + ir) 

^2iTia{ti—si—T)^2TrisiTj^ib^^sij^ib^^T j^ib^^ a ^ib^^ {ti+S2—si—T) 



□ 
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We can further simplify the expression by the following unitary transformation, 
which will also be used in the right picture: 



S2 ^ S2 - ti 

Si ''^1 + y 



or equivalently 



f®9^ f{si + f > Y - ^1)5(^1 + y ' ^2) (7.62) 



so that the expression becomes: 

= / / / dadadTf{si - a + T,ti - (j)g{s2,t2) 

Gb{—icr)Gb{—ia + ia)Gb{^ + isi — iti + iT)Gb{% + isi + iti — ia + ir) 
Gb{Q + iT)Gb{^ + isi — iti — ia + icr + iT)Gb{^ + isi + iti — ia + ir) 

g2iri(T(ti-si-r)g27risirg7ris2T^ib"^(si + -^)^ib" V Q^i6" ^ ( ^ -si -r ) j-y gg-j 

7.5 The Right Regular Corepresentation 

In analogy of the left-regular action, there is a notion of a right-regular action. First 
wc consider the quantum plane. 

Proposition 7.21. Given W that defines the left regular corepresentation, 

Wr (J (g) J)W;i{J (g) J) e Bin) ® A (7.64) 
is also a multiplicative unitary and satisfies 

(1 ® A)Wr = Wb^,i2Wr,i3 (7.65) 
i.e. it defines a corepresentation, called the right-regular corepresentation. 
Using the realization of AdJ, we see that Wr is given by 

Wr = e^'°^^'®'°^^gb{B, ®B)^ g^iogA.^iogA f ^a'^r ^ 

J&+to Gb(Q + iT) 

(7.66) 
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where on the space Hcorep we have J = f{t, s) so that 

A, =e-2-b*, ^e-^-fcpt (7.67) 

Therefore we see that the corepresentation is acting on the t-coordinate by: 

. 2 

fis,t)^ [ f{s,t~r) A-"''^*i?"'-^-dr (7.68) 

jR+io Gt[Q + iT) 

in which under the pairing we have: 

Xr- = e-^'^", Yr = e-^'^^f' (7.69) 

Xr - Yr = e-2'^''"'P* (7.70) 

In other words, under the transform t i— >■ — t. we conclude together with Prop 16.161 
that 

Proposition 7.22. We have the equivalence 

L^{A) ~'Hirr®'HiTr (7.71) 

as representation of Bqg^L ®Bqq,R — J^qq® Bqq, where Hirr i^(]R) is the canonical 
representation of Bqq on L^(IR). 

Now let's look at the case for 2?(^). To define the right regular corepresentation, 
we need the corresponding multiplicative unitary Wij. It is known that Wij is given 

by 

Wr^{U® 1)W„,3412(W* ® 1) (7.72) 

where 

U^ira^ra^{JJ®JJ)ZeA®A (7.73) 

We simplify the expression and express ~W r in terms of 4 g^s as before. 
Proposition 7.23. Wr is given by (cf. (|7.50p ) 

Wr = F32t^i?.13^^32*W^fl,24 ( 7.74) 

where V"* = {J ® J)V*{J ® J) 
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Proof. From ([50] Prop 2.15), we have: 



W = 

Wr = {J (g> J)W^^{J (g> J) 

= {J (g> J)iJ (g) J)W2liJ J)iJ ® J) 

^ {JJ<»l)W2l{JJ<S)l) 

Wr = {J(g>J)W{J(g>J) 

= {J(g>J){J(E>J)W*{J(g>J){J(E)J) 

= (JJ ®l)W*{JJ 



Hence we obtain (the indices indicate the legs in which the operators are acting): 

Wr = iiJlJlJ2J2)Zl2)W3iZl^Wi2Zl2{ZWlJlJ2J2)) 

= ( Jl Jl J2 J2 ) ^1 2 VK3 1 Zi*2 #4 2 ( Jl Jl J2 J2 ) 

= {Jjl h J2 ) V12VI2 W3iV{2 V^2 Wi2 (il Jl J2 J2) 

= {JikhJ2){kk)v;2{kk)Vi2w^iV^2WA2{kJiJ2J2) 

= {JlkUh){kJi)Vi2{J2Jz)W^lV^2WMJlJ2J2) 

= (JlJli2J2)(i2J3)V^32('/2i3)W3iy32(JlJlJ2J2)M^fl,24 

= (Jlili2J2)(J2J3)V3*2(J2J3)(JlJl)VFfl43^32(J2J2)M^i?,,24 

= (i2J2)(i2i3)^3*2('/2J3)M^fl43^32(J2i2)W^i?,24 

= (^2i3)V^3*2(^2i3)VP^ii.l3^32(i2J2)VP^ii.24 

= 1^32(J2i3)(i2i3)VP^ii.l3^32(i2J2)VKi?,24 

= V32WR^i'i{J2J2)V32{J2J2)WR^2A 

= V32WR,MJ2){J2J3)Vi2{J2h){hj2)WR,2i 

= V32WR,MJz)Vi2{J2J3)WRai 



Now we can reaUze the action on Hcorep ® "Hcorep as in previous section 
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Proposition 7.24. The action of the components of Wr is given by 

Wr,24 - e-^'°s^'^'°^^g;{B,®B) 
/(si, ii)g(s2, t2) ^ J f{siM)9{s2M ~ T)e-2.«rt. WG,(_,^)S*f-^-i-''-it.^^ 

- 2 

f[s^M)9{s2M) ^ I f{s,M-r)g{s2M) r.^,^". , A-'''"'' B^''"^ dr 

V32 = e^'°^^"^'°^''"gb{qBA-'®B) 
f{si,ti)g{s2,t2) ^ f{si,ti)gis2+a,t2+a + T) 



2 



G6(y + *S2 - ^^2 - iT)Gb{Q + it) 



f{si,ti)g{s2M) ^ g{s2 + a,t2 + a + T) 

Jm. JR+iO JR 

^ ^faU+»^2 't^) j^^b-^PB^'-'-dadTdp 

Gbif + is2 - it2 - iT)Gb{Q + ir) 

Theorem 7.25. The right regular corepresentation is given by 

f{si,ti)g{s2,t2) H> / / / dadadTf{si,ti-a)g{s2+a;t2+T-a) 

JR+ie^ JR JC 

g7rQ( — Q+T)+2iri( — crS2+Qr — Qt2+<Tt2) 

Gb{-i(j)Gb{% + is2 - it2)Gb{i(J - iT)Gb{% - icr + iti - 1*2) 
Gb{^ + is2 — ih +i<J — iT)Gb{Q + ia)Gb{^ — ir + iti — it2) 

where the contour C of a goes above cr = and below a ~ t. 

Wc have to follow the transformation given in the left regular picture. So we apply 
the transformation after Thm [7^201 and an extra one that does not affect the previous 
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action: 



32 




S2 


~ti 


Si 




Si 




tl 




tl 




t2 




t2 





and obtain 

f<»9 



/ / / dadadTf{si,ti — a)g{s2,t2 + T ~ a) 

JR+ie^ Jr Jc 

g7rQ( — Q+T)+27ri((Tti+QT — Qt2+<Tt2)g — 7riaS2 

Gb{-'i(j)Gb{% - iti - it2)Gb{i(T - iT)Gb{^ - ia + iti - 1^2) 
Gb{^ — iti — it2 + icr — iT)Gb{Q + ia)Gb{^ — zt + iti — ^2) 

j^b-\u^^)Qib-^rj^tb-^a^ib-H-t2-r-^)^^^^^^ (7.75) 



8 Regular Representation 

To obtain a representation of J7g(sl(2, M)) on the space L^(G'L+(2, R)), we need to 
describe the non-degenerate pairing between them. Then we apply the pairing to 
the corepresentation constructed above and obtain the desired representation for 
C/,(0[(2,M)). 

8.1 Pairing with ?7g(g 1(2, M)) 

Let us first recall the following definition of t/g(gl(2,M)) serving as a dual space for 
Mq = GL+{2,M.) that is observed by I. Frcnkel [7]: 

Definition 8.1. As a Hopf *-algehra, [/q(g[(2,R)) is generated by positive self adjoint 
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operators E, F, K, Kq such that 



KE 
KF 

EF -EE 

A{K) 

A{E) 
A{F) 



qEK 
q-^FK 

q - q-^ 
K®K 
Ko®Ko 

K^^^K-^ ®E + E® KqK 
)F + F® K-^K 



= KnK 



and Kq commutes strongly with E, F, K . 

In particular, we see that by setting it^o = li wc obtain the usual definition of 
f7g(s[(2, M). Now we can similarly bring [/g(0[(2,R)) into C* algebraic level by intro- 
ducing continuous parameters. It is the algebra 



{ 



f{ro,r,s,t)Kll'' K'^' E'^' 'F''' *dsdtdrodr} 



.1) 



where f{ro, r, s, t) has simple poles at s, t —inb^imb^^ , n, m e Z>o, and has similar 
decay as A along the real direction in the variables rQ,r,s,t. This is to ensure that 
the coproduct lies in the multiplier algebra as argued before. The C* norm can be 
introduced once we obtain its representation as certain unitary operators on (R x M) 
under the pairing. By abuse of notation we still denote it by [/g(g[(2, R)), and a similar 
version with Kq omitted by ?7g(s[(2, R)). 

Let us ignore the * structure and consider only the polynomial algebra. Then 
there exists a non-degenerate pairing defined on the generators: 

Proposition 8.2. The pairing between E, F, K, Kq and the z-variable Zij,i = 1,2 is 
given by 



{E,Z2l) = c. 

{K,zn)=q-'/'. 

q 

{N,E)=0 
(iV,A') -1 



{Ko,zn)=^-'/' 



{F,Z,2)=C~^ 
{K, Z22> = q'^' 
{Ko,Z22) =q-'/^ 
{N,F)=0 



and zero otherwise, where c G C is any constant. The pairing is then extended to any 
monomial by the coproduct and induction. 
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Corollary 8.3. The pairing between E, F, K, Kq and the 'D{A) generators is given by 

{Ko,A)=q~i, {Ko,A)^q--^ 

and zero otherwise, where c € C is any constant. The pairing is then extended to any 
monomial by the coproduct and induction. 

By induction, we obtain 

Proposition 8.4. The pairing between any monomials is given by 



5.2) 



or 



Ng! ^ Z^TTb^ (8-4) 



(8.3) 

Remark 8.5. Restricting to J7g(s((2, R)), the pairing is essentially the same as the 
one given in \23f . with the role of E and F interchanged. Hence this provides a more 
elegant formula for the pairing of a general monomial. 

Hence as in section [5. 2 [ we introduce Gb for the expression in the general pairing 
with elements represented by integrations. It turns out that we need to replace [n\q\ 

by 

GbiQ + ir) 

SO that the commutation relation \E, F] = ^ is satisfied. Here we take 1 — 

L ^ J q-q l 'i 

as a complex number with < arg(l — q^) < ^. 
Therefore the general pairing is given by 

{f{ro,r,s,t),g{si,ti)h{s2,t2)) 

firQ,r, <i, <2)<?(si, ii)/j(s2, i2)e""(''(*^+-'^"''^^/2"''''("^+-'^^/^+*^"^+*^"^"*^*^^ 

b-2(t2_ 2^ Gb(Q + iti)Gb{Q + it2) ^ , , , i^r^ 

c ^> ^2yb-Ht,+t,) dsids2dtidt2drodr (8.5) 

where we denoted by 

firo,r,s,t) ■.= 111 fir,s,t)ht"''°K''"''E'''"'F'''"'dsdtdrodr 
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and 

g{si,ti)h{s2,t2) := JJ JJ g{si,h)h{s2,t2)A''''''B''''''B''''''-A''''"'-dsids2dhdt2 

Finally, in order to obtain a positive representation in later sections, it turns out we 
need to choose the pairing constant to be c = —iq^/^ = —q^ . 

8.2 The Principal Series Representation 

By taking the pairing above with the fundamental corcprcsentation defined in Section 
17.21 we obtain: 

Theorem 8.6. The fundamental corepresentation T^'* corresponds to the represen- 
tation Vx^t, called the principal series representation, given on L'^{R,ds) by: 

Ko = e""^* 
K = e-""^' 



where [n\q = ■ The operators are all positive self adjoint. 

Proof. Recall that we choose c = —iq^^^ in the pairing. Recall also that we have to 
multiply the expression by '~^''f^^^2yb^U?+T)'^ ■ From the expression (|7.32p we obtain 
for Kq and K that t = a = 0. The factor becomes lim Gb{—ia)Gb{Q + ict) = 1 and 

a ^0 

the rest becomes 

Ko:f{s) ^ /(,).(q-V2).;>-(*-s)(^-i/2y.6-(*+.) 
= e^''f{s) 

K:f{s) ^ /(s). (q-i/2)»b-^(t-«)(gi/2).&-^t+.) 



e 



For E, we have r — —ih^a = so that the factor hm Gb{—ia)Gb{Q + ia) — q e^s 

a- — ^0 
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well, and we obtain 

E-f(s) ^ + ib) Gb{^ -is + iX + b) ^,;,b-2^b.+.bt fa*''"'(*--^)) 



q-q 

i 



q-q 

^2b b 



--^{s-X)Uf{s + ^b) 



Finally, for F we have a = —ib^r = 0, the factor lim Gb{—ia)Gb{Q + ice) ~ —q 

a ^ — ib 

and we obtain 

Gfc(§ - is - - &) 



9-9 



q-q 

^26 6 



_(q-i/2g^6(.+A) ^ 5i/2e-''(«+^))/(s - i6) 



+ l(s + A)],/(s-*6) 



Since = 2sin(7rfc^) > Oi see immediately that the operators are positive. We 

note that the expression for E can be rewritten as 

q - q^^ 

where the summand q-commutes. Hence using Prop 12.251 it is unitary equivalent to 
g7rb(s-A-p3) ■^yjjjcj^ turns is equivalent to q-^Kp!!+^) by multiplication by e"'^*'* . 
Hence it is essentially self-adjoint. Similar analysis applies to F, hence all operators 
are positive essentially self adjoint. □ 

Remark 8.7. We note that by restricting to C/g(s[(2, R)), this is precisely (the Fourier 
Transform of) the continuous series representation Vg obtained in J7y given by 



KSk = 






Es5k - 




s)\q5k+ib 


FsSk = 




- S)]q5k-ib 
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under the correspondence s < — > k, A < — > s. 

8.3 Casimir Operator 

Next we will study the action induced from the pairing with the multiplicative unitary 
W,„ . It turns out that a technical difficulty comes from the analysis of the following 
positive operator: 

C = e^'"^^ + + e-^'^^'P (8.6) 

which comes from the Casimir operator defined by 

C^FE+^ . 8.7 

More precisely, under the pairing given in the next section, the Casimir operator is 
given by 

C = [j^—T^ (e'"'" + e"'"^" + e-^"''" + 2) (8.8) 

Proposition 8.8. For A e M+, 

$a(.S2) Sbi-ix + iX)Sb{-ix - iX) (8.9) 

is an eigenfunction for the operator C with eigenvalue e^'^^^ + e~^'^^^. 
Proof. We need to solve 

C^x{x) = ie^^''^ + e-2-6^)$A(x) (8.10) 

We consider 

C - (e^''^^ + e-^'^''^) = C - 2 cos(27ri6A) = 2 cos(27ni6a;) - 2 cos(27ri6A) + e^'^^P^^ 

From the angle sum formula, we have 

2 cos(27ri&x) — 2 cos(27ri&A) 
= — 4sin(7ri6(a; — A)) sin(7ri&(x + A)) 



and from the functional equation 

Sb{x + b) ~ 2aiTi{Trbx)Sb{x) 
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we see immediately that 

^2rrbp^ . Sb{-ix + iX)Sb{-ix - iX) 
= Sb{—ix + iX + b)Sb{~ix — iX + b) 

= 4sin(7rz6(— a; + A)) sin(7ri6(— a; — X))Sb{—ix + iX)Sb{—ix — iX) 
= 4sin(7rzfo(a; — A)) sin(7ri6(a; + X))Sb{—ix + iX)Sb{—ix — iX) 

Hence ^x{x) — Sb{-~ix + iX)Sb{^ix — iX) satisfies the above eigenvalue equation. □ 

Therefore we introduce the following transformation 

Definition 8.9. We define the integral transformation 

: L^{R+,d^l{X)) — > L^{R) 

F(A) ^^ /(x) := lim / <i>x{x + ie)e-^'"^'F{X)d^{X) (8.11) 
where d^(A) = \Sb{Q + 2iX)\'^dX. 

Theorem 8.10. is a unitary transformation that intertwines gS^rbA ^ g-27rtiA 
C. 

Proof We compute the inner product for /, g G where W"*" is the dense subspace 
W+ := {fix) e Coo(M+) : F{y) := /(e^) S W}. 

Note that 

^Jx) = , 

SbiQ — ix — iX)SbiQ — ix + iX) ' 

we have 

^^"JrJo Jo Sb(Q~e-ix-ip)Sb(Q-e~ix + il3) 

which means the contour for x separate the poles of the numerator and denominator. 
Now by Cor 13.41 the integrand has asymptotics in x 

Gbje + ix- iX)Gb{€ + ix + a)e^'-^'-"'^'e-^^^W-4^) 
GbiQ ~€ + ix- il5)Gb{Q -e + ix + iP) 



-27ra:(Q-4e) 



oo 

— CO 
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Hence the integral is absolutely convergent in a;, A, /3 and we can interchange the order 
of integration to bring integration over x inside. 

Shifting X t-^ X + and using the 4-5 relation (Lem lXTTj) . wc obtain 



GbiQ - 4e)Gb(2e + ii/3 - iX)Gb{2e + t/3 + iX) 
oJn Jo GbiQ - 2e + il3 - iX)GbiQ - 2e + ip + iX) 



roo /'OO 

lim 



-^-Qf>+»-f>^f{X)gmSb{Q + 2tX)\^\SbiQ + 2z/3)pdAd/3 



Note that the integration for (3 separates the poles of the numerator and denominator 
as well, and also since A,/3 > 0, the case /3 = —A can be ignored, hence we obtain 
(5(A-/3) using LemEU 

G, fS? AV^^ttQA 

iy^m,W\s.iQ + 2atdx 



fiX)giX)\Sbi2iX)\^\SbiQ + 2iX)\UX 







fiX)g{X)\SbiQ + 2iX)\'dX 







Since ^\{x) satisfies C<I>a(.t) ~ (e^'^''^ + e ^'"''^)^ \{x) , formally the integral transfor- 
mation with ^\{x) as kernal will intertwine the action. □ 

Prom the proof we therefore deduce the inverse map of the unitary transformation 
to be the conjugate 

$ : L^(R) — > L^(R+,dn{X)) 
fix) ^ FiX) := / — — .{[''\ . dx 

jR-iO ^biQ - IX - lX)bbiQ + iX) 

where the contour goes below the poles. 

8.4 Left Regular Representation 

Now wc apply the pairing to the left corcpresentation (j7.63p . 
Theorem 8.11. The representation o/ C/q(g[(2, M)) is equivalent to 



Vx,s^,2\SbiQ + 2iX)YdXds2 ® i^(M, dt2) 
where the representaiton space V\,s2/2 ~ £^(R, dsi) is defined in Thm 
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Proof. Recall that we have to multiply the expression by ^ ['^^2 "il'^i (^4^^ ^ ■ since 
the resulting expression is analytic in a, t on the lower half plane, by taking a, t to 
0, —ib we mean the analytic continuation from R to the corresponding point, while 
respecting the contour of a. 

The pairing of Kq and K is then given by r = 0, a = 0. The factor 

„ , . ^ Gb{Q + ia)Lb{Q + IT) 

Gb[Q + IT) 

becomes 6 (a) which means wc also set cr — 0. Hence we obtain 

Ko ■ f{si,ti)g{s2,t2) = f{si,h)g{s2,t2)e-^'^ (8.12) 

K ■ /(si, <i)g(s2, <2) = /(si, ii)5(s2, <2)e"'^^ (8.13) 
The pairing of E is given by t = —ib and q = 0, so that again ct = and is given by 



E ■ f{si,ti)g{s2,t2) = -iq^^^f{si-ib,ti)g{s2,t2) 



1 -g2 
gir6si + ^S2 

= -ig^/^/(si - i5,ti)5r(s2,t2)—; 5— 

1 — (7^ 

or simply 

Finally the pairing of F is given by r = 0, a = —ib. By Cor 13. 12] we have 

Gb[Q + ia)Gb{Q + it) 



Gb{Q + iT) 
^_^,„.^^Q„ Gb{icj-b)Gb{Q + b) 

Gb{Q + i<7) 
-q^5{a)-q^5{a + ib) 



SO that we obtain 



2 

F- f[s^M)9{s2M) = iq-'/^^^e-^"'^-^'-^ [e^'"'^''-''^fis,+tb,h+tb)g{s2,t2) 

Gb{% + isi ~ iti)Gb{% + isi + iti) 



-/(si + ib,ti)g{s2,t2) 



Gb{^ + isi - iti - b)Gb{% + isi + ih - b) 
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Using g^i'''/^™ b) = (1 — g27r2b(ix b)-j^ expand the expression: 

■ 1/2 -^S'j 

(1 _|_ g-le-27rfc(si-ti)-jj--|^ ^ ^-Ig27rfc(-si-ti)^g27rhsig-27rfcp,j ~j 

7Tb „ 



9-9 

so that under muhiphcation by e"'^'*! which changes pt^ i— > + ti, we get 



where C depending only on ti is the operator defined in the previous section. There- 
fore under the unitary transformation $ defined previously, the representation is 
equivalent to 

_g _ ^ g^Ji2g'n-bai+27rbp3, 



^ |^g-7r6(2p,j-si) j_ g-7rb(2p,i+3si) ^ (g27rbA _|_ g-27rbA-jg-7rb(2p,i 



where the measure dfi{X) is now |S'b(Q + 2iA)pdA. 

Motivated from the expression of the corepresentation, we multiply the space by 
Gb{§+isi-iX)-^, and in effect changes the action of e^'^^P-i to (i+qe-^^'>sr+2nbx^^2^bp. 
The action of E and F then become: 

^ ^^S2 (^iTbsi+2TTbps-i _|_ g-7rbsi+27rbA+27rbpsj 1 

q-q-^ 

p _ ^ ^— -^82 ^gTrbai— 27rbp3^ _^ p — Trbsi — 27rbA — 27rbp3j N 

Now we make the following changes of variables (unitary transformations): 
osi i-^ -si : -psi 

oe 2 «iS2 . ^ _ p^^ ^ p^^ _ 
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In other words, the transformation: 

Then the representation (denoted by Vx^ti ) becomes: 



K ^ e 



—Tzhs\ 

= ^_5__^g7r6(-2p,i-si+A) ^ g7i-6(-2p,j+si-A)-j 

_(ql/2g'r6('5i-A) ^ ^-l/2g-7rKsi-A)^g-27r6p,^ 



q-q 



_j-gir6(2p3j-si-A) _j_ g7rb(2psj +si+A)-j 



q-q 



□ 



Remark 8.12. We note that there is a freedom of choice in multiplication by Gb in 
the above action. In fact this precisely says that 



Vx.t ^ V-x,t 
Gbi^ + iX^ix) 

f(x) l-> f(x) 



observed in JESjl- 



Since the pairing is non-degenerate, we obtain the following important realization 
of W™: 

Corollary 8.13. As a corepresentation on i^(R), Wm is equivalent to 

W,n= f r T^''^^dfi{\)dt (8.16) 
where dfi{X) \Sb{Q + 2iX)\'^dX. 
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This is a generalization of Podlcs-Woronowicz's definition [57] of a multiplicative 
unitary for a compact group 

M=^®u" (8.17) 

aeG 

where G is the set of all (finite dimensional) irreducible unitary representation of G, 
and 

: V„ ^ 14 ® G 

is the irreducible corepresentation on some finite dimensional vector space Vq. In 
particular, this defines the multiplicative unitary in a coordinate free canonical way. 

Furthermore, by applying the transformation that was done in the proof of Thm 
18. in to the expression (|7.63p . and comparing the result with the expression of T'^'*/^ 
given in (|7.32[) . we recover the "6-9 relation" of Gf, that is first observed by Volkov 
[35] ■ See section |ni for further details. 

8.5 Right Regular Representation 

Similarly we applying the pairing to the right regular corepresentation we obtain 
Theorem 8.14. The right regular corepresentation is equivalent to 

L^{R,dsi)(E> f r rx.-s,/2\Sb{Q + 2tX)\^dXds2. 
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Proof. We apply the pairing to (|7.75p and get 

K = e'^^*^ 

1 — g2 V 
Gb(f - ^tl - »t2)Gb(f + ifi - it2) \ 
Gfc(§ - zti - ^^2 - fo)Gb(f + iii - tt2 - bf 'J 

_g^S2g-7i-bt2 ||g7rb(-2ptj+2ti+2pt2+t2)_(_ 



9-9 



_g^S2 |^g7r6(2pt2-t2) _j_ g7rb(2pt2+3t2) _|_ (-gZ^rbti _|_ g-27r6ti _^ ^■Kb{-2pt^+2tt)yKb(2pt^ 



+ t2 



q-q 

^ _ iq C ^4bs2+7rbt2g-27rbt2-7rbs2g-27rbpto 

1 - g2 



* g-3'S2g-^Ki2+2pt2) 



q-q ^ 



Again by shifting pt^ i— > pt^ + ii as in the left representation, the action of E 
becomes 



_g^f2 ^g7rb(2p,2-t2) g7rb(2pt2+3t2) _j_ Cg'rf'(2pt2 



E = 

q-q 

Hence under the unitary transformation $, E becomes 
i 



E 



q-q' 



_g^S2 |^g7rb(2pt2-t2) _|_ girb(2pt2+3t2) ^ (^(fl^bX _|_ g-27rbA-jg7rb(2pt2 -(2)^ 



Finally, the remaining transformation used in the left regular representation doesn't 
change these actions. In exactly the same way if we apply: 

multiplication by Gb(^ + tA — it2)^^ 
0t2^-t2 ■■ t2^ -t2,pt2^ -Pt2 



t2 



t2 S2 

PS2 PS2 + J,Pt2 ^Pt2+ ^ 
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that docs not change the left representation either, it becomes: 



Ko 
K 



e 



e 



F 



E 




which is precisely the representation denoted by "Pa, -39/2- 



□ 



Combining Thm 18.111 and Thm I8.14[ and note that all the transformations used 
are unitary, we conclude the main theorem: 

Theorem 8.15. As a representation of Uq{Q{{2,M}))L ® C/q(0[(2, 



and the equivalence is unitary. 

In particular, we proved Ponsot-Teschner's claim in [^5] for Uq{sl{2,M.)) by setting 
S2 — which corresponds to the determinant element, as well as the action of the 
central element Kq. 



It is known that the representation space Vx^t is actually a nontrivial representation 
for the Modular Double C/g(g[(2,R)) (g) Uq{Ql{2,'R.)). In this section we describe its 
action using the same multiplicative unitary W™. 

The modular double counterpart C/g(g[(2,R)) is defined in the same way with q 
replaced by 5 throughout. In particular we can define the pairing between E, F, K, Kq 

with A,B,A,B as before. Recall that A = A^^'' and similarly for the other quan- 
tum plane variables. Hence by the b < — > b^^ duality of W^, we can pair it with 
Uq{gl{2,R)), and obtain: 




(8.18) 



8.6 The Modular Double 
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Proposition 8.16. The left regular action of Uq{Ql{2,'R)) on i^(Gi+(2, M)) is given 
by replacing b with b~^ , i.e. 



Ko = 






K = 






E = 




~-l/2g-7r6-i(si-A)-|g-27r6-ip,i 


F = 


q - g-i 


+ grl/2g-7rb-i(si + A)-)g27rb-V.i 



77oie t/iat and F are positive operators only when 2n+i ^ ^ "in f'^^ n £ N, 
and they are not necessarily essentially self adjoint \31f . 

Ignoring the factors, wc note from Thm 18.111 that the summand of E and F are 
q-commuting, hence we immediately obtain using Cor 13.151 fsee also [I] Cor 1]) 

Proposition 8.17. As positive self adjoint operators we have 

Ko = Aq 

K = K'/'" 

2sin(7r6-2)ij ^ {2sin{7Tb^)Ey/^^ 

2sin(7r&-2)^ ^ (2sin(7r62)F)i/^' 

Similar analysis works as well for the right regular representation, hence Thm 18.151 
is actually an equivalence as a representation of the modular double 

Ugg{2l{2,R))L®Uggisl{2,R))R 

where f/gg(0[(2, R)) Uq{gl{2,R)) ® Uq{Ql{2,R)) denotes the modular double. 

9 Representaiton Theoretic Meaning for Certain In- 
tegral Transforms 

In this section, we state without proof certain integral transformations of Gb that 
arise in the calculations of certain representation relations. 

Proposition 9.1. The pentagon equation W23W12 = W12W13W23 is equivalent to the 
4-5 relation ( Lem [KTl]) 

Gb{a)GbiP)Gbh) ^ f _2.^r Gb{a + tT)GbW + tT) 
Gbia + j)Gbi[3 + j) Jc Gb{a + l3 + -, + ir)GbiQ + iT) ^ ' ' 
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by a change of variables and using the reflection formula, it can be rewritten as 
Gb[a + l3 + j) Jc 

(9.2) 

Scaling all the variables by b and taking the limit b — > by applying Thm \ S. 5[ we 
recover precisely Barnes' first lemma: 



r{a + c)r{b + c)T{a)T{b) _ J_ 
T{a + b + c) ^ 27r 

in the special case for d ^ 0. 



r{a + iT)r{b + iT)T{c - iT)V{~iT)dT (9.3) 



Next, as noted in section by comparing = JJ® T'^'*^'^dtdfi{X) as corepre- 
sentation, we obtain the following relation that is first observed by Volkov [55] : 

Proposition 9.2. The 6-9 relation for Gb{x) can be written as 



^-27rT(S-tT) Gbja + iT)Gbil3 + iT)Gbh + ir)GbiS - ^T)G'b(-^r) 
c'^ Gb{a + l3 + -f + S + iT) 

Gb{a)GbW)Gbh)Gbia + S)GbW + S)Gbh + S) 
Gb{a + 13 + S)Gb{a + 7 + 6)Gb{f3 + j + S) 



(9.4) 



where the contour goes along R and separates the increasing and decreasing sequence 
of poles. By the asymptotic properties of Gb, the integral converges for any choice of 
parameters. 

Again by scaling all the variables by b and applying Thm \3.5l we recover Barnes ' 
second lemma: 



r(a + iT)T{b + iT)r{c + ir)r(d - iT)r(-ir) ^ 
T{a + b + c + d + iT) 
T{a)T{b)T{c)T{a + d)T{b + d)T{c + d) 
T{a + b + d)T{a + c + d)r{b + c + d) 

which in turn is a generalization of Pfaff-Saalschiitz's sum 



(9.5) 



{n + m + l + k-j)l _ {n + m + l)l{n + m + ky.{n + l + k)l 

(m ~ j)l{l ~ j)\{k - j)\{n + jy.jl ^ mW.k\{n + Tny.{n + iy.{n + ky. 

Finally, in |40j an alternative description of the multiplicative unitary lying instead 
in A (E) A is defined to be (slightly modified to fit our definition) : 

V = gb{B-^ <E) q-^BA-^)e^ logiqAB-^mogA-^ ^g ^^ 
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so that 

V{x(E)l)V* = A{x) (9.8) 

On comparing 

W*{l(l)x)W = A{x) = V{x®l)V* (9.9) 

as operators on 'H ® "H, we obtain a new relation involving Gb{x) that is not available 
in the literature: 

Proposition 9.3. The 3-2 relation is given by 

[ Gb{a + iT)Gb{l3 - iT)Gb{j - iT)e-2"('^-*")(-^-'")dr = Gb{a + -f)Gb{a + /3) 
Jc 

(9.10) 

where the contour goes along M and separates the poles for ir and —it. By the asymp- 
totic properties for Gb, the integral converges for Re{a — 13 — < ^• 
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